ABSTRACT. In this paper, we study the equidistribution of certain families of special subvarieties in general mixed Shimura varieties. We introduce the notion of bounded sequences of special subvarieties, and we prove that the André-Oort conjecture holds for such sequences. The proof follows the equidistribution approach used by Clozel, Ullmo, and Yafaev in the pure case. We then propose the notion of test invariant of a special subvariety, which is adapted from the lower bound formula of degrees of special subvarieties in the pure case studied by Ullmo and Yafaev, and we show that sequences of special subvarieties with bounded test invariants are bounded, hence the André-Oort conjecture holds in this case.
INTRODUCTION TO THE MAIN RESULTS
In this paper, we study the equidistribution of certain families of special subvarieties in a general mixed Shimura variety, and the André-Oort conjecture for these varieties, as a generalization of some results in [8] and in [29] .
The theory of mixed Shimura varieties, including their canonical models and toroidal compactifications, is developed in [22] . They serve as moduli spaces of mixed Hodge structures, and often arise as boundary components in the toroidal compactifications of pure Shimura varieties. Among mixed Shimura varieties there are Kuga varieties, cf. [6] , which are certain "universal" abelian schemes over Shimura varieties, and in general, a mixed Shimura variety can be realized as a torus bundle over a Kuga variety (namely a torsor whose structure group is a torus). Similar to the pure case, we have the notion of special subvarieties in mixed Shimura varieties.
Y. André and F. Oort conjectured that the Zariski closure of a sequence of special subvarieties in a given pure Shimura variety remains a finite union of special subvarieties, cf. [1] and [20] . R. Pink has proposed a generalization of this conjecture for mixed Shimura varieties by combining it with the Manin-Mumford conjecture and the Mordell-Lang conjecture for abelian varieties, a principal case of which is the following Conjecture 1.1 (André-Oort conjecture for mixed Shimura varieties, [23] ). Let M be a mixed Shimura variety, and let (M n ) n be a sequence of special subvarieties. Then the Zariski closure of n M n is a finite union of special subvarieties.
• M S ′ is the abelian S ′ -scheme pulled-back from M → S, and V ′ is a subrepresentation in V of G ′ , corresponding to an abelian subscheme A ′ of M S ′ → S ′ ; • M ′ is a translation of A ′ by a torsion section of M S ′ → S ′ given by w.
In particular, this notion is more restrictive than T-special subvarieties studied in [6] as we specify w.
The case in general mixed Shimura varieties is similar. We show that certain spaces of probability measures on M associated to (T, w)-special subvarieties are compact for the weak topology, from which we deduce the equidistribution of the supports of such measures, as well as the André-Oort conjecture for such sequences of (T, w)-special subvarieties.
We formulate the notion of B-bounded sequences of special subvarieties, which means special subvarieties that are (T, w)-special with (T, w) coming from some prescribed finite set B of pairs (T, w) as above. The main result of [29] shows that in the pure case a sequence with bounded Galois orbits is B-bounded for some B, where sequences with bounded Galois orbits are sequences of special subvarieties whose Galois orbits are of bounded degree against the automorphic line bundle. In the mixed case, we propose the notion of test invariants for special subvarieties, and we prove a similar characterization of bounded sequences using test invariants.
The paper is organized as follows: In Section 1, we recall the basic notions of mixed Shimura data, their subdata, mixed Shimura varieties, their special subvarieties, as well as their connected components. We emphasize the fibration of a mixed Shimura variety over a pure Shimura variety, whose fibers are torus bundles over abelian varieties. We also include some results about irreducible subdata and a few reductions for the André-Oort conjecture.
Section 2 and 3 are concerned with ergodic-theoretic results in the equidistribution of special subvarieties. In Section 2, we introduce some measure-theoretic objects, such as lattice (sub)spaces, S-(sub)spaces, and canonical probability measures associated to special subvarieties in mixed Shimura varieties. The lattice (sub)spaces are similar to the cases treated in [8] and [6] . For a Kuga variety, the associated S-space is the variety itself; for a general mixed Shimura variety, the S-space is a subspace of the variety, which is a torsor over the corresponding Kuga variety by some compact tori. In particular, they support canonically defined probability measures and they are Zariski dense in the ambient mixed Shimura varieties. We also introduce the notion of a B-bounded sequence of special subvarieties, where B is a finite set of pairs of the form (T, w) as is explained above.
In Section 3, we prove the equidistribution of bounded sequences of special lattice subspaces and special S-spaces. The proof is reduced to the case when the bound B consists of a single element (T, w), and the arguments are completely parallel to the pure T-special case in [8] and [29] . The equidistribution of B-bounded S-subspaces implies the André-Oort conjecture for a B-bounded sequence of special subvarieties in a mixed Shimura variety.
In the remaining sections we investigate the relation between bounded sequences and lower bounds of degrees of Galois orbits. In Section 4, we give a lower bound of the degrees of Galois orbits of a pure special subvariety M ′ in a given mixed Shimura variety M against the pull-back of the automorphic line bundle. The estimation is essentially reduced to the case studied in [29] . If the pure special subvariety under consideration is (T, w)-special, then the lower bound relies on the GRH for the splitting field F T of T, and it involves the discriminant of F T and the position of w relative to the level structure of the ambient mixed Shimura variety. We show that the study of the André-Oort conjecture can be reduced to ambient mixed Shimura data that are embedded in a "good product", in which the splitting fields F T of irreducible (T, w)-special subdata are CM fields. In this latter setting we estimate the contribution of unipotent translation in the lower bound.
In Section 5, we consider a general special subvariety which is not pure. We did not prove an explicit lower bound formula in this case, instead we introduce the notion of test invariant as a substitute, and we show that a sequence with bounded test invariants is B-bounded for some finite B. We also show that in this case the Galois orbits are essentially minorated by the test invariants. The results in this section are formulated for ambient mixed Shimura embedded in "good products" as in Section 4.
NOTATIONS AND CONVENTIONS
Over a base ring k, a linear k-group H is a smooth affine algebraic k-group scheme, and T H is the connected center of H, namely the neutral component of the center of H. For V a free k-module of finite type, we have the general linear k-group GL V , and we also view V as a vectorial k-group, i.e. isomorphic to G r a with r the rank of V. We write S for the Deligne torus Res C/R G mC . The ring of finite adeles is denoted byQ. i is a fixed square root of -1 in C.
For a real or complex analytic space (not necessarily smooth), its analytic topology is the one locally deduced from the archimedean metric on R n or C m .
A linear Q-group is compact if its set of R-points form a compact Lie group. For P a linear Q-group with maximal reductive quotient P։G, we write P(R) + resp. P(R) + for the preimage of G(R) + resp. of G(R) + , in the sense of [9] . P(R) + is just the neutral component of the Lie group P(R) because the fiber W(R) of the projection P(R) → G(R), namely the unipotent radical of P(R), is a connected Lie group.
For H a linear Q-group and L a number field, we write H L for the Q-group Res L/Q H L . For H a linear Q-group, we write X(H) for the set of R-group homomorphisms S → H R , and Y(H) for the set of C-group homomorphisms S C → H C . We have the natural action of H(R) on X(H) by conjugation, and similarly the action of H(C) on Y(H). In particular, we have an inclusion X(H) ֒→ Y(H), equivariant with respect to the inclusion H(R) ֒→ H(C).
PRELIMINARIES ON MIXED SHIMURA VARIETIES
We start with the definition of mixed Shimura data, which is "essentially" the same as [22] 2.1, cf.
[6]2.1 :
Definition 2.1 (mixed Shimura data). (1) A mixed Shimura datum is a triple (P, U, Y ) consisting of
• a connected linear Q-group P, with a Levi decomposition P = W ⋊ G;
• a unipotent normal Q-subgroup U (necessarily contained in W);
• a P(R)U(C)-orbit Y ⊂ Y(P); such that by putting π U : P → P/U and π W : P → P/W = G for the quotient maps, the following properties hold for any y ∈ Y :
(i) the composition π U • y : S C → P C → (P/U) C is defined over R;
(ii) the composition π W • y • w : G mR ֒→ S → G R is a central cocharacter of G R , where w : G mR → S is induced by R × ֒→ C × ; (iii) the composition Ad P • y : S C → P C → GL p,C induces on p = LieP a rational mixed Hodge structure of type {(−1, −1), (−1, 0), (0, −1), (−1, 1), (0, 0), (1, −1)}, with rational weight filtration W −2 = LieU, W −1 = LieW, and W 0 = LieP;
(iv) the conjugation by y(i) induces on G ad R a Cartan involution, and G ad admits no compact Qfactors; (v) it is also required that the center of G acts on W through some Q-torus isogeneous to the product of a compact Q-torus with a split Q-torus. Y is actually a complex manifold on which P(R)U(C) acts transitively preserving the complex structure.
(2) A pure Shimura datum (in the sense of Deligne [9] ) is the same as a mixed Shimura datum (G, X) where the unipotent radical W is trivial. A Kuga datum (cf. [6] ) is just a mixed Shimura datum (P, Y ) with U = 1.
(3) For S a subset of Y , the Mumford-Tate group of S, written as MT(S), is the smallest Q-subgroup P ′ of P such that y(S C ) ⊂ P ′ C for all y ∈ S. A mixed Shimura datum (P, U, Y ) is irreducible if P equals MT(Y ).
Remark 2.2 (Deligne vs. Pink).
In the original definition [22] 2.1, the space Y is not a subset of Y(P); Pink uses a complex manifold Y homogeneous under the Lie group P(R)U(C), together with a P(R)U(C)-equivariant map h : Y → Y(P) of finite fibers, such that the Hodge-theoretic conditions (i)-(iv) in 2.1 hold for points in h(Y ). One can show, cf. [22] 2.12, that the connected components of the space Y in the sense of Pink are the same as the connected components of the space Y in the sense of 2.1. The main results of this paper focus on connected mixed Shimura varieties, and we prefer to use the simpler definition given above.
Definition 2.3 (morphisms of mixed Shimura data).
A morphism between mixed Shimura data is of the form (f, f * ) : (P, U, Y ) → (P ′ , U ′ , Y ′ ) where f : P → P ′ is a Q-group homomorphism sending U into U ′ , and the push-forward f * : Y(P) → Y(P ′ ), h → f • h sends Y into Y ′ , such that f * : Y → Y ′ is equivariant with respect to f : P(R)U(C) → P ′ (R)U ′ (C); one can show that f * : Y → Y ′ is a smooth map between complex manifolds, cf. [22] 2.3 and 2.4. We further single out the following cases:
(1) (P, U, Y ) is said to be a mixed Shimura subdatum of (P ′ , U ′ , Y ′ ) if f and f * are both injective. (2) For N ⊂ P a normal Q-subgroup, the quotient of (P, U, Y ) by N is the mixed Shimura datum (P ′ , U ′ , Y ′ ) where P ′ is the quotient Q-group P/N, U ′ is the image of U in P ′ , and Y ′ is the P ′ (R)U ′ (C)-orbit of the composition π N • y : S C → P C → P ′ C for any y ∈ Y , where π N : P → P ′ = P/N is the natural projection, cf. [22, 2.9] . We thus write
It should be mentioned that in the quotient construction the map Y → Y ′ is not surjective in general. For example, if (G, X) is a pure Shimura datum and Z is the center of G, then the quotient (G ad , X ad ) of (G, X) by Z is a pure Shimura datum. The connected components of X ad and X are all isomorphic to the Hermitian symmetric domain defined by the connected Lie group G ad (R) + as the center of G(R) + acts on the domain trivially. However more connected components could appear in X ad than in X, simply because G ad (R) could have more connected components. This can be also seen from the exactness of 1 → Z(R) → G(R) → G ad (R) where the last arrow is not surjective in general, which is deduced from the exact sequence of linear Q-groups 1 → Z → G → G ad → 1 with Z the center of G.
When N is unipotent, the map Y → Y /N is surjective, whose fibers are isomorphic to N(R)U N (C) with U N = U ∩ N, and in this case we often use the more precise notation Y /N(R)U N (C) in place of the vague expression Y /N, cf. [22] 2.18.
In particular, taking N = U and W successively, we see that a mixed Shimura datum fits into a sequence
where (P/U, Y /U(C)) is a Kuga datum and (P/W, Y /W(R)U(C)) is a pure Shimura datum. (3) As a natural combination of (1) and (2) , when a morphism between mixed Shimura data (f, f * ) :
One verifies directly from the definition that the image is a subdatum of (P ′ , U ′ , Y ′ ) and equals the quotient of (P, U, Y ) by N := Ker(f : P → P ′ ).
(4) A pure section of (P, U, Y ) associated to the Levi decomposition P = W ⋊ G is a pure Shimura datum (G, X) which is a subdatum of (P, U, Y ) such that the Q-group homomorphism G ֒→ P is given by the Levi decomposition and the composition (G, X) ֒→ (P, U,
which is a mixed Shimura datum in an evident way, cf. [22] 2.5.
Proposition 2.4 (unipotent radical and Levi decomposition). Let
(1) U and V are commutative, and W is a central extension of V by U i.e. 1 → U → W → V → 1. Writing the group laws on U and on V additively and fixing an isomorphism of Q-schemes W ∼ = U×V, the group law on W writes as
where the commutator map W × W → W has image in U and factors through a unique alternating bilinear map ψ :
For any y ∈ Y , the action of S C on LieP C induces on U resp. on V (both viewed as finitedimensional Q-vector spaces) a Hodge structure of type (−1, −1) resp. of type {(−1, 0), (0, −1)}.
(3) For any y ∈ Y , write x : S C → G C for the composition π W • y. Then x is defined over R and x ∈ Y . Outting X = G(R)x the orbit of x in Y under G(R) we obtain a pure Shimura subdatum (G, X) of (P, U, Y ), and the composition of the inclusion with the reduction modulo W is an isomorphism: 
Since π U • y is already defined over R, the homomorphism π U • y : S → (V ⋊ G) R , whose image is an R-torus, factors through some Levi R-subgroup of the form vG R v −1 for some v ∈ V(R). Thus π U •y : S C → P C /U C factors through vG C v −1 . The pre-image of vG C v −1 in P C is U C ⋊(wG C w −1 ) for some w ∈ W(C) lifting v. In U C ⋊ wG C w −1 the maximal reductive C-subgroups are Levi Csubgroups of the form w ′ G C w ′−1 with w ′ ∈ U(C)w ⊂ U(C)W(R). In particular, conjugate y by w ′ we get x ∈ Y such that x(S C ) ⊂ G C ⊂ P C . Since the composition G ֒→ P։G is the identity, we factorize x : S C → P C into the composition S C → P C ։G C ֒→ P C . The composition π W • x : S C → P C ։G C is defined over R, and the projection P C → G C is defined over R as P → G is already defined over Q. Hence x is defined over R.
Since x ∈ Y , and LieG = LieP/LieW, we see that the Hodge structure given by x : S → G R on LieG is of type {(−1, 1), (0, 0), (1, −1)}, and the conjugation by x(i) induces a Cartan involution on
clearly lies in Y(G) (and actually lies in the real part X(G)), hence the pair (G, X) is a pure Shimura datum, and the inclusion (G, X) ֒→ (P, U, Y ) makes it a pure Shimura subdatum.
The claims on Hodge types and the pairing ψ are immediate from (1) and (2) . The claim on the action of G on U is clear because P acts on U through a split Q-torus by [22] 2.14 and G acts through G ֒→ P.
(4) From [22] 2.10 we know that P der contains W. It clearly contains G der , hence P der ⊃ W⋊G der . The quotient P/(W ⋊ G der ) is already commutative, which gives the inclusion P der ⊂ W ⋊ G der in the other direction. From 2.1 (iv) we know that P der admits no compact quotient Q-groups other than the trivial one.
Notation 2.5 (group law). Aside from the group law
and the evident equality (u, v) n = (nu, nv), the following identities will be useful for elements (u, v, g) in P ∼ = U × V × G, in which the neutral element is (0, 0, 1):
where we write g(u) = gug −1 = ρ U (g)(u) and similarly for g(v), g(w).
We thus prefer treating a general mixed Shimura datum as a split unipotent extension of a pure Shimura datum by two unipotent Q-groups subject to certain conditions, and we often reformulate this as the following:
Definition-Proposition 2.6 (fibred mixed Shimura data). (1) Let (G, X) be a pure Shimura datum, and let ρ U : G → GL U and ρ V : G → GL V be two finite-dimensional algebraic representation, together with an alternating G-equivariant bilinear map ψ : V × V → U, giving rise to a central extension of unipotent Q-groups 1 → U → W → V → 1. Assume that
• for any x ∈ X, the composition ρ U • x is a rational Hodge structure of type (−1, −1), and ρ V • x is a rational Hodge structure of type {(−1, 0), (0, −1)}; • the connected center of G acts on U and on V through Q-tori subject to the condition (iv) in 2.1. Then by putting P = W ⋊ G and Y the P(R)U(C)-orbit of any x : S → G R → P R , the triple (P, U, Y ) thus obtained is a mixed Shimura datum. The canonical projection (P, U, Y ) → (G, X) is the quotient by W, and (G, X) is naturally a pure section by the evident inclusions G ֒→ P and X ֒→ Y . In particular, Y can be viewed as a holomorphic vector bundle over X, whose fibers are isomorphic to the Lie algebra of W(R)U(C).
We call (P, U, Y ) the mixed Shimura datum fibred over (G, X) by the representations ρ U and ρ V and the alternating map ψ. We write (P, U, Y ) = W ⋊ (G, X) = (U, V) ⋊ (G, X) and Y = W(R)U(C) ⋊ X to emphasize that the role of the Levi decomposition.
(2) A morphism between fibred mixed Shimura data is a commutative diagram of the form
where the vertical arrows are reductions modulo the unipotent radicals, inducing the bottom horizontal morphism of pure Shimura data from the upper one. Note that the commutative diagram give rise to homomorphisms α :
, then the morphisms α and β are equivariant with respect to f : G → G ′ , and P → P ′ can be recovered as (u, v, g) → (β(u), α(v), f (g)) when we use the isomorphisms of
Conversely, assume that fibred mixed Shimura data
is a morphism of pure Shimura data, together with f -equivariant homomorphisms α : (
is a morphism of mixed Shimura data, the Lie algebra map Lief : LieP → LieP ′ respects the rational weight filtration and the central extension structures on the unipotent radicals. Hence
where α and β are induced by f . Reduce modulo the unipotent radicals of (f, f * ) gives (G, X) → (G ′ , X ′ ) together with a commutative diagram of the mentioned form.
If moreover (f, f * ) :
, then the homomorphism f : P → P ′ sends the Levi Q-subgroup G into G ′ . The homomorphisms between normal unipotent Q-groups U → U ′ and W → W ′ are equivariant with respect to P → P ′ , hence we get α : V → V ′ and β : U → U ′ equivariant with respect to f : G → G ′ . The recovery of f : P → P ′ by α, β and f : G → G ′ is immediate.
Conversely, if we are given fibred mixed Shimura data (P, U, Y ) = (U, V)⋊(G, X) and
, a Q-group homomorphism f : G → G ′ with f -equivariant maps α and β naturally gives rise to a unique Q-group homomorphism f : P → P ′ subject to the formula (u, v, g) → (β(u), α(v), f (g)), and f * :
It is easy to verify that for any y ∈ Y , the mixed Hodge structure on LieP satisfies the constraints in 2.1 and that (f, f * ) :
is a morphism of mixed Shimura data, using the Hodge type conditions on U, V and U ′ , V ′ given in (1).
In particular we have the following corollaries on pure sections and subdata:
is a fibred mixed Shimura datum, then the pure sections of (P, U, Y )։(G, X) are exactly subdata of the form (wGw −1 , wX) with w running through W(Q), and they are the same as maximal pure subdata of (P, U, Y ).
Proof. It is clear that each (wGw −1 , wX) is a pure section for any given w ∈ W(Q). Conversely, if (G ′ , X ′ ) is a pure section in the sense of 2.3(3), then
The maximality is clear because maximal reductive Q-subgroups of P are exactly the Levi Qsubgroups, hence conjugate to G by W(Q). Corollary 2.8 (structure of subdata). Let (P, U, Y ) be a mixed Shimura datum fibred as (U, V) ⋊ (G, X), and let (P ′ , U ′ , Y ′ ) be a mixed Shimura subdatum. Then there exists a pure Shimura subdatum (G ′ , X ′ ) of (G, X), an element w ∈ W(Q), and a unipotent Q-subgroup W ′ of W, such that
Proof. The idea is the same as [6] 2.10. Let (P 0 , Y 0 ) be a maximal pure Shimura subdatum of
We are thus reduced to the case when (G ′ , X ′ ) = (G, X).
In this case (P 0 , Y 0 ) = (wGw −1 , wX), and the unipotent radical W ′ of P ′ is naturally a Q-subgroup of W stabilized by wGw −1 -conjugation. Using (wGw −1 , wX) as a pure section corresponding to the Levi decomposition P ′ = W ′ ⋊ (wGw −1 ), we see that the intersection U ′ := U ∩ W ′ is the weight -2 part due to the rational weight filtration given by any y ∈ wX, and V ′ = W ′ /U ′ equals the image of W ′ in V, which is clearly stable under wGw −1 . The bilinear map ψ : V × V → U clearly restricts to ψ ′ : V ′ × V ′ → U ′ and is wGw −1 -equivariant, as immediate consequences of the Lie bracket structure on LieW ′ and the Hodge types.
The following lemma is the mixed analogue of [29] Lemma 3.7.
Lemma 2.9 (common Mumford-Tate group). . Let (P, Y ) = W ⋊ (G, X) be a mixed Shimura datum. If P ′ ⊂ P is a Q-subgroup coming from some subdatum (P ′ , Y ′ ), then there are only finitely many subdata of the form
Proof. When (P, U, Y ) is pure, this is proved in [29] Lemma 3.7. For a general Q-subgroup P ′ , if there exists a subdatum of the form (P ′ , U ′ , Y ′ ), then U ′ = U ∩ P ′ and the unipotent radical W ′ = W ∩ P ′ in P ′ are independent of Y ′ by the constraints of Hodge types. Choose a Levi decomposition
is constructed out of (wG ′ w −1 , wX ′ ) by some unipotent Q-subgroup W ′ . There are at most finitely many pure Shimura subdatum of the form (wG ′ w −1 , wX ′ ) in (wGw −1 , wX), hence the finiteness of mixed Shimura subdata associated to P ′ follows.
We also include the following result that allow us to generate subdata by "taking orbits": Lemma 2.10 (generating subdata). Let (P, U, Y ) = W ⋊ (G, X) be a mixed Shimura datum. Let P ′ be a Q-subgroup of P admitting no compact semi-simple quotient Q-group, and
(2) if moreover the connected center of wG ′ w −1 acts on W ′ through a Q-torus subject to 2.1(v) , then the triple (1) and (2) holds for P ′ , with P ′der = P der .
Since the centralizer of x(S) in G R is compact, by [11] Lemma 5.1 we see that G ′ is reductive. The kernel W ′ := Ker(P ′ → G ′ ) is contained in W, hence unipotent. Thus P ′ admits a Levi decomposition of the form W ′ ⋊ H ′ , where H ′ is a maximal reductive Q-subgroup of P ′ . H extends to a maximal reductive Q-subgroup in P of the form wGw −1 , hence w −1 Hw is a reductive Q-subgroup of G, and it coincides with the image of P ′ modulo W ′ , which gives H = wG ′ w −1 .
(2) Note that wG ′ w −1 admits no compact semi-simple quotient Q-group as this is already true for P ′ . Since the homomorphism y : S C → P C factors through P ′ C , we see that the Lie algebra p ′ = LieP ′ is a rational mixed Hodge substructure of p = LieP, where the weight filtration is induced from the one on p by restriction, and the Hodge types do not exceed the set
Thus U ′ = U ∩ P ′ is the weight -2 part and W ′ is the part of weight at most -1. The involution induced by y(i) in G R stabilizes G ′ R , hence it induces further a Cartan involution on G ′ad R because G ′ad admits no compact Q-factors. The remaining conditions in 2.1 are automatic, hence (P ′ , U ′ , Y ′ ) is a mixed Shimura datum, and it is clearly a subdatum of (P, U, Y ).
(3) When P ′ = MT(Y + ), the image of Y + in X is a connected component X + of X, and the image
for all y ∈ Y + , which is absurd, and we get G ′ = MT(X + ). When x runs through X + , using 2.9 we only get finitely many pure subdata of the form
is an complex submanifold of X, whose connected components are Hermitian symmetric subdomains of connected components of X, and the finite union i X ′ i contains X + . It turns out that at least one of them, written as X ′ , is of dimension equal to dim X + , and we must have X ′+ = X + for some connected component of X ′ . Since X ′+ resp. X + is homogeneous under G ′der (R) + resp. under G der (R) + , the inclusion of connected semi-simple Lie groups G ′der (R) + ⊂ G der (R) + has to be an equality, and we get G ′der = G der , and only one subdatum of the form (G ′ , X ′ ) is produced this way:
In particular, the center of G ′ is a Q-subtorus of G, and its action on W satisfies the condition (v) in 2.1.
The kernel of P ′ → G ′ is unipotent, hence P ′ = W ′ ⋊G ′ for some unipotent Q-subgroup W ′ ⊂ W, which is the extension of V ′ = W ′ /U ′ by U ′ := U ∩ P ′ . When y runs through Y + , again by 2.9 we only get finitely many subdata of the form 
Corollary 2.11 (pure irreducibility). Let (P, Y ) = W ⋊ (G, X) be a mixed Shimura datum fibred over a pure one (G, X). Then (P, Y ) is irreducible if and only if (G, X) is irreducible.
Conversely, assume that (G, X) is irreducible, and P ′ is a Q-subgroup of P such that y(
R for all x ∈ X, which gives G ′ = G, and
, and thus P ′ ⊃ W by the arguments in 2.10(3), which gives
Convention 2.12. In a mixed Shimura datum (P, U, Y ), the Q-group U, the unipotent radical W, and thus the quotient V = W/U as well, are uniquely determined by any y ∈ Y , because the weight filtration of the mixed Hodge structure given by Ad P • y : S C → P C → GL pC on p = LieP determines LieU and LieW, which in turn determine the connected unipotent Q-groups U and W. We will call U the unipotent part of weight -2 of P or of the datum. In the sequel we simply write (P, Y ) for the datum, and U always denotes the unipotent part of weight -2 if no further use of the notation is specified. As for morphism between mixed Shimura data, we often write f instead of a pair (f, f * ). Definition 2.13 (mixed Shimura varieties, cf. [22] 3.1). Let (P, Y ) = (U, V) ⋊ (G, X) be a mixed Shimura datum, and let K ⊂ P(Q) be a compact open subgroup. The (complex) mixed Shimura variety associated to (P, Y ) at level K is the quotient space
where the last equality makes sense for any connected component Y + of Y because P(Q) + equals the stabilizer of Y + in P(Q).
Using the finiteness of class numbers in [24] 8.1, we see that the double quotient P(Q) + \P(Q)/K is finite. Writing R for a set of representatives, we then have
Pink has shown in [22] that such double quotients are normal quasi-projective varieties over C, generalizing a theorem of Baily and Borel cf. [2] . He has further shown that mixed Shimura varieties M K (P, Y ) admit canonical models over their reflex fields E(P, Y ), which are certain number fields embedded in C. In this paper, we treat mixed Shimura varieties as algebraic varieties overQ, and we denote them as M K (P, Y ), equipped with the Galois action using the canonical model. In Section 2 and 3 we only use complex mixed Shimura varieties, and in Section 4 and 5 we will use some elementary properties of canonical models.
Kuga varieties resp. pure Shimura varieties are mixed Shimura varieties associated to Kuga data resp. pure Shimura data.
is a morphism of mixed Shimura data, then we have the inclusion of reflex fields E(P ′ , Y ′ ) ⊂ E(P, Y ), cf. [22] 11.2. For the moment it suffices to know that the following morphisms are functorially defined with respect to the canonical models: Definition 2.14 (morphisms of mixed Shimura varieties and Hecke translates, cf. [22] 
It is actually defined over E(P, Y ).
For (P, X) = (U, V) ⋊ (G, X), the natural projection π : (P, Y ) → (G, X) gives the natural projection onto the pure Shimura variety
We can refine this projection into
as π = π W = π V • π U , and the sequence means that a general mixed Shimura variety is fibred over some Kuga variety.
(2) Let (P, Y ) be a mixed Shimura datum, and g ∈ P(Q). For K ⊂ P(Q) a compact open subgroup, there exists a unique isomorphism of mixed Shimura varieties τ g :
It is actually defined over E(P, Y ), and we call it the Hecke translation associated to g. Later in Section 4 we will use Hecke translation by w ∈ W(Q) to obtain isomorphisms between different pure sections of M K (P, Y ) under suitable constraints on the level structures.
We will show later in 2.20 that the André-Oort conjecture is insensitive to the change of K by smaller compact open subgroups, hence in this paper we will mainly work with levels K that are neat, see [22] Introduction (page 5). Mixed Shimura varieties at neat levels are smooth.
We also introduce an auxiliary condition of the compact open subgroup K:
by a compact open subgroup K U ⊂ U(Q) through the restriction of ψ; K U and K V are required to be stabilized by K G .
(2) A compact open subgroup K in P(Q) is said to be of fine product type if • (2-a) it is of product type and K = p K p for compact open subgroups K p ⊂ P(Q p ) for any rational prime p, such that for some ℘ prime, K ℘ is neat (hence K is neat, and K G,p is neat); • (2-b) we also require that K G = K G der K C where C is the connected center of G, with compact open subgroups K G der ⊂ G der (Q) and K C ⊂ C(Q) both of fine product type in the sense of (a).
K V is the profinite completion of Γ U resp. of Γ V , hence the same for K W with respect to Γ W . In this case we also write
Remark 2.16 (two-step fibration, cf. [22] Chapter 10). If
, which we called the zero section of the (fibred) mixed Shimura variety defined by (P, Y ) = (U, V) ⋊ (G, X). The natural projection can be refined into
where π V is an abelian scheme with zero section π U • ι(0), and π U is a torsor under Γ U \U(C). Since U is commutative, Γ U is a Z-lattice in the Q-vector space U(Q), and Γ U \U(C) ∼ = (C/Z) dim U is an algebraic torus, whose character group is naturally identified with Γ U .
Example 2.17 (Data of Siegel type)
. Let V be a finite-dimensional Q-vector space, equipped with a symplectic form ψ : V × V → U where U = G a is the one-dimensional rational Hodge structure of type (−1, −1). (1) We have the following data:
(1-1) pure Shimura datum of Siegel type: From the Q-group GSp V = GSp(V, ψ) of symplectic similitude, we obtain the pure Shimura datum (GSp V , H V ), with
V the Siegel double space associated to (V, ψ). The pure Shimura varieties it defines are Siegel modular varieties (with suitable level structures). When (V, ψ) is the standard symplectic structure on Q 2g , it is often written as (GSp 2g , H g ).
(1-2) Kuga datum of Siegel type: For any x ∈ H V , the standard representation ρ V : GSp V → GL V defines a rational Hodge structure (V, ρ V •x) of type {(−1, 0), (0, −1)}, hence we get the Kuga datum V ⋊ (GSp V , H V ), which we denote as (Q V , V V ). (1-3) mixed Shimura datum of Siegel type: The symplectic form defines a central extension W of V by U, and it is easy to verify that
is a mixed Shimura datum fibred over the Siegel datum. Note that when g = 0, the mixed Shimura datum is of the form G a ⋊ (G m , H 0 ) with and H 0 is a single point.
Sometimes we also call Kuga data of Siegel type as mixed Shimura data of Siegel type.
(2) The three classes of mixed Shimura data given above are all irreducible:
V is the simple Hermitian symmetric domain corresponding to the connected simple Lie group Sp V (R). If there is a pure subdatum (H, X H ) with X H containing H
Since H der ⊂ Sp V , the classification of simple Hermitian symmetric domains forces the equality H der = Sp V because they both give rise to H
Note that similar arguments show that U ⋊ (GSp V , H ) is an irreducible mixed Shimura datum, using the action of GSp V on U = G a by the square of the central character.
, W is the extension of V by U = G a using the symplectic form ψ. If P ′ ⊂ P is a Q-subgroup such that y(S C ) ⊂ P ′ R , then when y runs through points in U(C) ⋊ H V , the irreducible subdatum U ⋊ (GSp V , H V ) forces the inclusion U ⋊ GSp V ⊂ P ′ , and in particular GSp V ⊂ P ′ . Hence P ′ admits a Levi decomposition over Q of the form W ′ ⋊ GSp V , where W ′ is a unipotent Q-subgroup of W containing U. Thus W ′ is an extension of V ′ = W ′ /U by U using the restriction of ψ. W ′ and U ′ being both stable under GSp V , we see that V ′ is a GSp V -stable Q-vector subspace of V, hence the equalities
we can construct irreducible subdata of the form (G ′ , X ′ ) where G ′ is the Q-subgroup generated by G der = j Sp V j plus a split Q-torus G m that acts on each V j by the central scaling, and
and sends G mR to the center of GL ⊕ j V j . Hence by 2.10, (G ′ , G ′ (R)x) is a subdatum of (G, X), which is clearly irreducible. However G(R) has only two connected components, as its center G m (R) has only two connected components and G ′der (R) = j Sp V j (R) is connected, and thus G ′ (R)x has only two connected components, while X = j H V j has 2 n connected components.
For a point x ∈ X, we have its signature vector s x ∈ (±) n , describing whether it is positive or negative definite on V j , j = 1, · · · , n. Two points x = (x j ) and x ′ = (x ′ j ) in X fall in the same connected component if and only if they have the same signature on each V j . Hence x ′ ∈ G ′ (R)x if and only if s x ′ = ±s x . When x runs through X, we get finitely many irreducible subdata of the form (G ′ , G ′ (R)x), which follows from 2.9. It is also clear that the generic Mumford-Tate group of each connected component of X is G ′ . Although we mainly work with Shimura data in the sense of Deligne, we mention that the pair (G ′ , X = j H V j ) is a pure Shimura datum in the sense of Pink [22] 2.1, as each x ∈ X gives a homomorphism S → G ′ R , and X → X(G ′ ) is a G ′ (R)-equivariant map with finite fibers.
Similarly, in the Kuga case, (P,
The general mixed Shimura case of Siegel type is parallel.
These irreducible subdata are actually strictly irreducible in the sense of 2.18(3). The fact that the connected center is simply a split Q-torus G m will be useful in the estimations 5.15 and 5.16.
(4) Assume that for some Z-lattice Γ V of V, the restriction ψ : Γ V × Γ V → Q(−1) has value in Z(−1) = Z(2πi) −1 and is of discriminant ±1. The profinite completions of lattices Γ V ⊂ V and Z(−1) ⊂ Q(−1) are compact open subgroups K V and K U respectively. Take a compact open subgroup K G ⊂ GSp V (Q) small enough and stabilizing both K V and K U , we get the mixed Shimura variety
We also have the universal abelian scheme over the Siegel moduli space of level K G , namely
The compact open subgroups thus obtained are levels of fine product type when K G is of fine product type.
Definition 2.18 (special subvarieties). Let (P, Y ) be a mixed Shimura datum, with M = M K (P, Y ) a mixed Shimura variety associated with it.
(1) The map
It is clear that the source is not connected in general, but its connected components are simply connected complex manifolds isomorphic to each other.
A special subvariety of
A special subvariety is actually a closed algebraic subvariety of M K (P, Y ) overQ: it is a connected component of the image of the morphism
(2) In Section 2 and 3, we will often work with connected mixed Shimura varieties defined as follows:
• a connected mixed Shimura datum is of the form (P, Y ; Y + ) where (P, Y ) is a mixed Shimura datum and Y + a connected component of Y ; a morphism between connected mixed Shimura data is f :
• a connected mixed Shimura variety is a quotient space of the form M + = Γ\Y + where Γ ⊂ P(Q) + is a congruence subgroup; such quotients are normal quasi-projective algebraic varieties defined over a finite extension of the reflex field of (P, Y ), and we treat them as varieties over Q; • for a connected mixed Shimura variety M + as above we have the (complex) uniformization map ℘ Γ : Y + → M + y → Γy, and a special subvariety of M + is a subset of the form ℘ Γ (Y ′+ ) given by some connected mixed Shimura subdatum (P ′ , Y ′ ; Y ′+ ); special subvarieties are closed irreducible algebraic subvarieties defined overQ, with canonical models defined over some number fields.
For example, in the Kuga case (P, Y ) = V ⋊ (G, X), we have explained in Introduction that special subvarieties are certain torsion subschemes of abelian schemes over some pure special subvariety S ′ ⊂ S.
(3) We also introduce a variant of irreducible data in the connected setting. A connected mixed Shimura data (P, Y ; Y + ) is said to be strictly irreducible if P = MT(Y + ). Note that in this case Y = P(R)U(C)Y + is determined by P and Y + , and (P, Y ) is necessarily irreducible. The pair (P, Y ) thus obtained is also said to be strictly irreducible.
For example, the pure and mixed Shimura data of Siegel type associated to a symplectic Q-space (V, ψ) gives rise to strictly irreducible connected mixed Shimura data (P, Y ; Y + ), and the data (G ′ , X ′ ) constructed in 2.17(3) gives rise to strictly irreducible ones (G ′ , X ′ ; X ′+ ).
Lemma 2.19 (strict irreducibility). (1) Let
(2) Let (P, Y ; Y + ) = W⋊(G, X; X + ) be a connected mixed Shimura datum fibred over a connected pure Shimura datum (G, X; X + ). Then (P, Y ; Y + ) is strictly irreducible if and only if so it is with (G, X; X + ).
P 1 by the epimorphism f : P 1 ։P ′ 1 , and clearly the inclusion
is strictly irreducible, then so it is with its image (G, X; X + ) by (1) .
Conversely, assume (G, X; X + ) is strictly irreducible, then (G, X) is irreducible, and we get (P, Y ) irreducible by 2.11. Let P ′ ⊂ P be the generic Mumford-Tate group of Y + , then P ′der = P der = W ⋊ G der by 2.4(4) and 2.10(3). The reduction of
The André-Oort conjecture can be reduced to the case of special subvarieties within a connected mixed Shimura variety, and it suffices to prove it for some level structure sufficiently small, due to the following elementary lemma: Lemma 2.20 (insensitivity of levels). Let (P, Y ; Y + ) be a connected mixed Shimura data, giving rise to a morphism of connected mixed Shimura varieties π :
(
2) The André-Oort conjecture holds for M if and only if it holds for
) is a special subvariety defined by some conncted subdatum
Conversely, if Γ ′ = Γa j is a decomposition into finitely many cosets, and
(2) If the André-Oort conjecture holds for M , and (S ′ n ) is a sequence of special subvarieties in M ′ , then the pre-images π −1 (S ′ n ) form a sequence of special subvarieties, whose Zariski closure is a finite union j Z j of special subvarieties in M . The finite map π : M → M ′ is closed, hence it sends j Z j to the Zariski closure of n S ′ n and it is a finite union of special subvarieties j π(Z j ). Conversely, if a geometrically irreducible subvariety Z ⊂ M is the Zariski closure of a sequence of special subvarieties n S n , then Z is a geometrically irreducible component of π −1 (π(Z)), hence special because π(Z) is the Zariski closure of a sequence of special subvarieties (π(S n )) in M ′ , and π −1 (π(Z)) is a finite union of special subvarieties by (1).
Remark 2.21 (arithmetic quotients).
Although we have used congruence subgroups in P(Q) + to define connected mixed Shimura varieties of the form Γ\Y + and their special subvarieties, it makes no harm to use arithmetic subgroups of P der (Q) + , as long as we only treat them as complex algebraic varieties.
In this setting we can also define special subvarieties and formulate the André-Oort conjecture (see (3) below). We assume for simplicity that the arithmetic subgroups involved are torsion-free, since this suffices for the study of André-Oort type conjectures following the idea of 2.20.
By [2] and [22] , quotients of the form Γ\Y + with Γ torsion-free arithmetic subgroups of P der (Q) + are normal quasi-projective algebraic varieties over C, which are also smooth. In fact:
(1) In the pure case (P, Y ; Y + ) = (G, X; X + ), the Lie group G(R) + acts on X + through G ad (R) + . If Γ ⊂ G der (Q) + is an arithmetic subgroup, then using the quotient map G der → G ad , its image Γ ad ⊂ G ad (Q) + is arithmetic by [3] 8.9 and 8.11, and the quotient Γ\X + = Γ ad \X + is an algebraic variety.
If Γ G is a torsion-free arithmetic subgroup in G(Q) + , then Γ † G := Γ G ∩ G der (Q) + is a torsion-free arithmetic subgroup of G der (Q) + , and Γ G acts on X + through its image Γ ad G ⊂ G ad (Q) + , which is an arithmetic subgroup of G ad (Q) + again by [3] using G։G ad . Again because we only focus on André-Oort type conjectures, following the idea of 2.20 we only consider the case when Γ ad G is torsion-free. The group G der (R) + also acts on X + through G ad (R) + , and the evident map Γ †
G as a subgroup of finite index, and it is torsion-free. Hence Γ † G \X + → Γ G \X + is a finite morphism between algebraic varieties: since these quotients are given by torsion-free arithmetic subgroups, by [4] 3.10 we deduce that Γ ′ \X + → Γ ad G \X + is algebraic, and in fact it is a finite étale covering using Riemann existence theorem, cf. [13] 5.7.4.
(2) In the mixed case, the connected mixed Shimura varieties of interest in our study are often given in a product form, i.e. given as Γ\Y + using connected data (P, Y ;
as an arithmetic subgroup of P der (Q) + using P der = W ⋊ G der . Consider the following diagrams:
where the left one is Cartesian whose arrows are inclusions, and the right one is Cartesian in the category of complex analytic spaces using the group actions from the left one on Y + → X + . Hence Γ † \Y + → Γ\Y + is a finite morphism between algebraic varieties as it is pulled back from the finite morphism on the bottom. One may also talk about Γ\Y + for general (torsion-free) arithmetic subgroups of P der (Q) + , because such subgroups contain normal subgroups of finite index of the product form above, and we may argue by finite group quotients and Riemann existence theorem. Note that we cannot define mixed Shimura data of the form (P, Y ) = W ⋊ (G, X) with G of adjoint type, because in this case, the Hodge structure given by x ∈ X on any algebraic representation V of G is necessarily of weight zero as the center of G is trivial. Hence in the diagram above it would not make sense to write groups like Γ W ⋊ Γ ad G . (3) The André-Oort conjecture for special subvarieties still make sense in this setting which only involves complex algebraic varieties. Namely we start with an arithmetic subgroup Γ ⊂ P der (Q) + , form the uniformization map ℘ Γ : Y + → Γ\Y + , and define special subvarieties to be of the form ℘ Γ (Y ′+ ) using connected mixed Shimura subdata (P ′ , Y ′ ; Y ′+ ) ⊂ (P, Y ; Y + ). If Γ ⊂ P(Q) + is a torsion-free congruence subgroup, and Γ ′ ⊂ P der (Q) + is an arithmetic subgroup contained in Γ, then using the arguments through the universal coverings as in 2.20 and the finite morphism Γ ′ \Y + → Γ\Y + , we see that the André-Oort conjecture for Γ\Y + is equivalent to the one for Γ ′ \Y + .
When we need finer information about the canonical models, we will always work with classical mixed Shimura data with level structures given by compact open subgroups of P(Q).
The remark above draws our attention to the derived groups. Analogue to modifying congruence subgroups, we can also modify the derived groups: Note that (1) implies that a connected mixed Shimura variety could be realized by different connected mixed Shimura data, and (2) affirms that one might choose any mixed Shimura datum to study the André-Oort conjecture. For example, in the pure case, the evident morphism between pure Shimura data (G, X) → (G ad , X ad ) = (G, X)/Z with Z the center of G satisfies the lemma: G der → G ad is an isogeny. Hence the André-Oort conjecture for pure Shimura varieties is reduced to the case where the ambient Shimura variety is defined by a Q-group of adjoint type, which has been used in [14] 
a morphism of pure Shimura data together with equivariant maps between Q-vector spaces f : U → U ′ and f : V → V ′ compatible with the alternating bilinear maps ψ and ψ ′ . When we regard G as a Q-subgroup of P, f (G) ⊂ P ′ is a reductive Q-subgroup, which extends to some maximal Q-subgroup w ′ G ′ w ′−1 for some w ′ ∈ W ′ (Q), and we assume for simplicity that w ′ = 1, hence the morphism
Since f : P der → P ′der is an isogeny, f induces an isomorphism of Lie algebras LieP der → LieP ′der , and thus LieW ∼ = LieW ′ under f . Taking y ∈ Y mapped to y ′ = f (y) ∈ Y ′ , we see that the mixed Hodge structures on LieW and on LieW ′ are isomorphic. This forces the Q-group homomorphism U → U ′ to be an isomorphism because it underlies an isomorphism of rational Hodge structures of type (−1, −1), and so it is with the quotient V → V ′ , hence f : W → W ′ is also an isomorphism. As for the pure part, the isogeny P der → P ′der gives an isogeny G der → G ′der which gives further an isomorphism G ad → G ′ad , hence the map f * : X → X ′ is an isomorphism on each connected components in X. Therefore f * :
Assume that f : Γ\Y + → Γ ′ \Y + is associated to congruence subgroups Γ and Γ ′ respectively with f (Γ) ⊂ Γ ′ , then the corresponding map for the pure quotient f : Γ G \X + → Γ G ′ \X ′+ is finite. In fact, the image Γ G of Γ in G(Q) + resp. Γ G ′ of Γ ′ in G ′ (Q) + acts on X + through G ad (Q) + resp. on X ′+ through G ′ad (Q) + , and from the isomorphism G ad ∼ = G ′ad we know that the image of Γ G in G ad (Q) + is n arithmetic subgroup of finite index in the image of
, then we claim that its preimage in Γ\Y + is a finite union of special subvarieties which are Hecke translates of a connected subdatum of the form
In fact, any y ′ ∈ Y ′+ 1 has a unique preimage y ∈ Y + under the isomorphism f * : Y + → Y ′+ , and the inclusion y ′ (S C ) ⊂ P ′ 1,C gives y(S C ) ⊂ P 1,C because y(S C ) is necessarily connected. We verify that the Q-group P 1 satisfies the condition in 2.10: P 1 is the neutral component of f −1 (P ′ 1 ), hence its image
is a pure Shimura subdatum of the form (G ′ 1 , X ′ 1 ), we see that G ′ad 1 admits no compact Q-factors, hence so it is with G 1 . By 2.10, P 1 does give rise to a mixed Shimura subdatum (P 1 , U 1 , Y 1 ) of (P, U, Y ) using the element y, with U 1 = U ∩ P 1 and Y 1 being the P 1 (R)U 1 (C)-orbit of y. The image of (P 1 ,
. We have P der 1 ⊂ P der , and the evident homomorphism
is an isogeny because it is restricted from f : P der → P ′der . By the arguments in (1) we have isomorphisms f :
. Using 2.21(3), the André-Oort conjecture for Γ\Y + resp. for Γ\Y ′+ is equivalent to the conjecture for Γ † \Y + resp. for Γ ′ † \Y ′+ . The isogeny f : P der → P ′der induces an isomorphism Y + → Y ′+ and it sends Γ † into an arithmetic subgroup of Γ ′ † with finite kernel, hence the arguments in (1) show that the André-Oort conjecture is the same for Γ † \Y + and Γ ′ † \Y ′+ , hence the same for Γ\Y + and Γ ′ \Y ′+ .
In the rest of this section, we explain how a general mixed Shimura datum could be embedded, up to isogeny, into the product of a pure Shimura datum with Kuga data and mixed Shimura data defined in 2.17. This phenomenon is similar to the reduction lemma in [22] 2.26, but the proof is easier as we only require embedding up to isogeny.
Lemma 2.23 (reduction lemma). Let (P, Y ) be an irreducible mixed Shimura datum. Then there exists a morphism of mixed Shimura data
where
17 for some symplectic spaces V i (i = 0, 1, · · · , r), and that the Q-group homomorphism
If moreover (P, Y ) is a Kuga datum, then f can be taken of the form
Proof.
with W given by an alternating bilinear map
(1) We first consider the Kuga case, i.e. ψ = 0 and U = 0. We claim in this case G preserves a symplectic form Ψ on V up to similitude, and it gives rise to a morphism of Kuga data (P,
Using [22] 1.4, we get a variation of rational Hodge structures V on X associated to the representation ρ V , which is pure of weight 1 and type {(−1, 0), (0, −1)}, and the Hodge structure on V x is given by ρ V • x; using further [22] 1.12, this variation is polarized by some Ψ : V ⊗ Q X V → Q(1) X , coming from some G-equivariant non-degenerate bilinear map Ψ : V ⊗ Q V → G a ( ∼ = Q(1)), which is a symplectic form due to the weight and the Hodge type of ρ V • x (x ∈ X). Hence we obtain a map f * : X → H V sending x ∈ X to the polarized rational Hodge structure (ρ V • x, Ψ), and f * is equivariant with respect to a Q-group homomorphism f : G → GSp V . Using 2.6(2), we get a morphism of Kuga data f :
, and the restriction of the Q-group homomorphism f to the unipotent radical V is identity.
Let G ′ be the image of G in GSp V . Since g = LieG is reductive, the epimorphism Lief : g = LieG → g ′ = LieG ′ gives rise to a decomposition g = g ′ ⊕ g ′′ of ideals of g. Now that g contains a Lie subalgebra g ′ , G contains a connected normal reductive Q-subgroup H ′ whose Lie algebra is g ′ . Let (G 0 , X 0 ) be the quotient of (G, X) by H ′ . We have G 0 = G/H ′ , and thus the homomorphism
and P → G 0 × Q 0 is of finite kernel.
(2) When U = 0, by [22] 2.14, G acts on U through a split Q-torus, and U splits into a direct sum of one-dimensional subrepresentations U = ⊕ α U α . We thus get ψ = ⊕ α ψ α with ψ α the composition V × V → U → G a using the α-th projection. Write W α for the extension of V by G a using ψ α , we have an inclusion W ֒→ α W α which is the identify when restricted to U, and it becomes the diagonal embedding V ֒→ α V when reduced modulo U. It extends to an inclusion P = W ⋊ G ֒→ α P α with P α = W α ⋊ G, and we get an embedding
and it remains to prove the lemma for each (P α , Y α ).
We thus assume that U is one-dimensional. The radical V 0 of ψ : V × V → U is {v ∈ V : ψ(v, v ′ ) = 0∀v ′ ∈ V} is a subrepresentation in V under G, hence we have a splitting V = V 0 ⊕ V 1 because G is reductive, and the restriction ψ : V 1 × V 1 → U is non-degenerate, i.e. a symplectic form. We thus get an embedding
The Kuga case V 0 ⋊ (G, X) is already treated in (1). As for (U, V 1 ) ⋊ (G, X), U is one-dimensional and G acts on it by scalars, hence G preserves ψ up to similitude, which gives (G, X) → (GSp V
in which the Q-group homomorphism is of finite kernel. Hence the claim.
Remark 2.24 (reduction to subdata of a "good product"). When we study the André-Oort conjecture for M K (P, Y ), it suffices to restrict to each connected component of the form M + = Γ\Y + for Y + some fixed connected component of Y and Γ some suitably defined congruence subgroup of P(Q) + . In order to use the strategy of [14] and [29] for M + , it suffices to take the subdatum (P ′ , Y ′ ) where
22, hence we may reduce the André-Oort conjecture to mixed Shimura varieties defined by a subdatum of a "good product" of the form (G 0 , X 0 ) × (L, Y L ) with G 0 semi-simple of adjoint type and (L, Y L ) a product of finitely many mixed Shimura data of Siegel type.
We will encounter these good products in Section 4 and Section 5, which provide convenient settings for the estimation of degrees of Galois orbits of special subvarieties.
MEASURE-THEORETIC CONSTRUCTIONS ON MIXED SHIMURA VARIETIES
In this section, we introduce some measure-theoretic constructions associated to connected mixed Shimura varieties. Most of them are analogue to the Kuga case discussed in [6] Section 2, 2.14-2.18, except that in the general case, we work with the notion of S-spaces. We also introduce the notion of (T, w)-special subdata, which is the analogue of T-special subdata of [29] 3.1 in the mixed case.
Definition 3.1 (lattice spaces and canonical measures). (1)
A linear Q-group P is said to be of type H if it is of the form P = W ⋊ H with W a unipotent Q-group and H a connected semi-simple Q-group without normal Q-subgroups
For a mixed Shimura datum (P, Y ), the Q-group of commutators P der is of type H , due to 2.4(4).
(2) For P a linear group of type H and Γ ⊂ P(R) + a congruence subgroup, the quotient Ω = Γ\P(R) + is called the (connected) lattice space associated to (P, Γ). Since Γ is discrete in P(R) + , the space Ω is a smooth manifold. We also have the uniformization map ℘ Γ : P(R) + → Ω, a → Γa.
(3) Let Ω = Γ\P(R) + be a lattice space as in (2) . The left Haar measure ν P on P(R) + passes to a measure ν Ω on Ω: choose a fundamental domain F ⊂ P(R) + with respect to Γ, we put ν
Following [6] 2.15 (1), ν Ω is of finite volume and is normalized such that ν Ω (Ω) = 1. We call it the canonical measure on Ω. Definition 3.2 (lattice space and S-space). Let (P, Y ; Y + ) = (U, V) ⋊ (G, X; X + ) be a connected mixed Shimura datum with pure section (G, X; X + ). Let Γ be a congruence subgroup of P(R) + , which gives us the connected mixed Shimura variety M = Γ\Y + .
(1) The lattice space associated to M is Ω = Γ † \P der (R) + where Γ † = Γ∩P der (R) + . It is equipped with the canonical measure ν Ω , and we have the uniformization map ℘ Γ :
A lattice subspace of Ω is of the form ℘ Γ (H(R) + ) for some Q-subgroup H ⊂ P der of type H . Since Γ † acts on P der (R) + by translation, we have ℘ Γ (H(R) + ) ∼ = (Γ ∩ H(R) + )\H(R) + is a lattice space itself, and it is a closed submanifold of Ω. It carries a canonical measure ν by 3.1, and we regard ν as a probability measure on Ω with support equal to the submanifold ℘ Γ (H(R) + ).
(2) We write Y + for the P(R) + -orbit of X + in Y , called the real part of Y + . It is a connected real submanifold of Y + . The (connected) S-space associated to M is M = Γ\Y + . Since Γ contains a neat subgroup of finite index, the quotient M is a real analytic space with at most singularities of finite group quotient.
We also have the following orbit map associated to any point y ∈ Y + :
It is surjective because Γ † ⊂ Γ and Y + is a single P der (R) + -orbit, as X + is homogeneous under G der (R) + . It is a submersion of smooth real analytic spaces when Γ is neat. Proof. In the Kuga case, we have U = 0, hence the real part Y + equals Y + , and the S-space M is just the Kuga variety. In the non-Kuga case, the projection π U gives us the commutative diagram
, in which the vertical maps are smooth submersions of manifolds. The right one is a U(C)-torsor, the left one is a U(R)-torsor, and Y + = Y + × U(R) U(C) namely the quotient of Y + × U(C) by the diagonal action of U(R). U(R) ⊂ U(C) is Zariski dense when we view U(C) as a complex algebraic variety, hence the density of Y in Y . The proof for M ⊂ M is clear when we restrict to connected components and take quotient by Γ.
The advantage of S-spaces is that they carry canonical measures of finite volumes. Parallel to the Kuga case studied in [6] 2.17 and 2.18, we have the following: Definition-Proposition 3.5 (canonical measures on S-spaces). Let M = Γ\Y + be a connected mixed Shimura variety associated to (P, Y ; Y + ), with Ω = Γ † \P der (R) + the corresponding lattice space, and M = Γ\Y + the S-space. Fix a base point y ∈ Y + ⊂ Y + .
(1) The orbit map κ y : P der (R) + → Y + , g → gy is a submersion with compact fibers. The isotropy subgroup K y of y in P der (R) + is a maximal compact subgroup of P der (R) + .
The left invariant Haar measure ν P on P der (R) + passes to a left invariant measure µ Y = κ y * ν P on Y + , which is independent of the choice of y.
(2) Taking quotients by congruence subgroups, the orbit map κ y : Γ † \P der (R) + → Γ\Y + , Γ † g → Γgy is a submersion with compact fibers. The push-forward κ y * sends ν Ω to a probability measure µ M on M = Γ\Y + , independent of the choice of y. We call it the canonical measure on M .
(3) Let M ′ ⊂ M be a special subvariety defined by (P ′ , Y ′ ; Y ′+ ), and take y ∈ Y ′+ ⊂ Y + . Then we have the commutative diagram
with Ω ′ the special lattice space associated to M ′ , M ′ the corresponding special S-subspace. In particular we have κ y * ν Ω ′ = µ M ′ , with ν Ω ′ the canonical measure of the lattice subspace Ω ′ associated to P ′der (R) + . Note that we identify ν M ′ as a probability measure on M with support equal to M ′ .
Similarly, for the fibration over the pure base π :
Proof. It suffices to replace the V's etc. in [6] 2.17 and 2.18 by W's etc. as the proof there already works for general unipotent V's.
In the pure case, we have the notion of T-special sub-object, where T is the connected center of the Q-group defining the subdatum, the special subvarieties, etc. In the mixed case, the connected center is of the form wTw −1 following the notations in 2.8, and we prefer to separate T and w, because T provides information on the image in the pure base, and w describes how the pure section has been translated from the given one defined by (G, X) ⊂ (P, Y ). In Introduction we have seen motivations for this notion on Kuga varieties via the description of special subvarieties as torsion subschemes in some subfamily of abelian varieties. Definition 3.6 ((T, w)-special subdata). Let (P, Y ) = (U, V) ⋊ (G, X) be a mixed Shimura datum, with W the central extension of V by U as the unipotent radical of P. Take T a Q-torus in G and w an element in W(Q).
(1) A subdatum (P ′ , Y ′ ) of (P, Y ) is said to be (T, w)-special if it is of the form (U ′ , V ′ ) ⋊ (wG ′ w −1 , wX ′ ) presented as in 2.8, with T equal to the connected center of G ′ . In the language of [29] , (G ′ , X ′ ) is a T-special subdatum of (G, X), and the element w ∈ W(Q) conjugates it to a pure section of (P ′ , Y ′ ), cf. 2.7.
(2) Similarly, if M = Γ\Y + is a connected mixed Shimura variety defined by (P, Y ; Y + ), then a special subvariety of M is (T, w)-special if it is defined by some (connected) irreducible (T, w)-special subdatum.
We also define notions such as (T, w)-special lattice subspaces, (T, w)-special S-subspaces, etc. in the evident way.
(3) When we remove w ∈ W(Q) we get the notion of T-special sub-objects, similar to the Kuga case studied in [6] 3.1: a T-special subdatum is an irreducible subdatum (P ′ , Y ′ ) ⊂ (P, Y ) such that the image of (P ′ , Y ′ ) under the natural projection is (G ′ , X ′ ) a pure irreducible subdatum of (G, X) with T equal to the connected center of G ′ ; the notion of T-special subvarieties, etc. is understood in the evident way. If (P, Y ) is pure, i.e. W = 1, then being (T, 1)-special is the same as T-special pure subdata.
We will also use the following variant to state our main results on the equidistribution of special subvarieties, inspired by the pure case studied in [29] . Subsets of closed subvarieties of aQ-variety of finite type are always countable, hence we talk about sequences of special subvarieties indexed by N instead of "families", "collections", etc.
Definition 3.7 (bounded sequence). Let M = Γ\Y + be a connected mixed Shimura variety defined by (P, Y ; Y + ) = W ⋊ (G, X; X + ). Fix a finite set B = {(T 1 , w 1 ), · · · , (T r , w r )} with T i a Q-torus in G and w i ∈ W(Q), i = 1, · · · , r. We call B a (finite) bounding set.
(1) A special subvariety of M is said to be bounded by B (or B-bounded) if it is (T, w)-special for some (T, w) ∈ B. A sequence (M n ) of special subvarieties in M is said to be bounded by B if each M n is B-bounded.
(2) Similarly, a sequence of special lattice subspaces resp. of special S-subspaces is bounded by B if its members are defined by (T, w)-special subdatum for (T, w) ∈ B.
(3) For Ω resp. M the lattice space resp. the S-space associated to M we write P B (Ω) resp. P B (M ) for the set of canonical measures on Ω resp. on M associated to B-bounded special subvarieties.
Note that when (P, Y ) = (G, X) is pure, B is simply a finite set of Q-tori in G.
Remark 3.8 (conjugation by Γ).
We consider a connected mixed Shimura variety of the form M = Γ\Y + defined by (P, Y ; Y + ) = W ⋊ (G, X; X + ) with Γ = Γ W ⋊ Γ G and fibred over S = Γ G \X + .
Let Z be a (T, w)-special subvariety, defined by (P ′ , Y ′ ) = W ′ ⋊ (wG ′ w −1 , wX; wX + ), with T the connected center of G ′ .
The pre-image of Z under the uniformization ℘ Γ : Y + → M is the union γ∈Γ γY ′+ , hence a subdatum (P ′′ , Y ′′ ; Y ′′+ ) defines the same special subvariety Z as (P ′ , Y ′ ; Y ′+ ) does if and only if (P ′′ , Y ′′ ; Y ′′+ ) = (γP ′ γ −1 , γY ′ ; γY ′+ ) for some γ ∈ Γ.
In our definition, T only depends on the image of Z in S, and we can conjugate T by Γ G ; in the unipotent radical, since Γ W acts on U(C)W(R) by translation, w and w ′ give rise to the same special subvariety if and only if w = γw ′ for some γ ∈ Γ W . We thus conclude that the notion of (T, w)-special subvarieties actually only depends on the class [T, w], by which we mean the Γ G -conjugacy class of T in G and the coset Γ W w in Γ W \W(Q).
BOUNDED EQUIDISTRIBUTION OF SPECIAL SUBVARIETIES
We first consider the case when the bound B consists of one single element (T, w), and we write P (T,w) (S ) in place of P B (S ) for S ∈ {Ω, M }. This is exactly the analogue of the T-special case for pure Shimura varieties, and the main theorem of this section will rely on the following theorem of S. Mozes and N. Shah: Theorem 4.1 (Mozes-Shah, cf. [18] ). Let Ω = Γ\H(R) + be the lattice space associated to a Q-group of type H and a congruence subgroup Γ ⊂ H(R) + . Write P h (Ω) for the set of canonical measures on Ω associated to lattice subspaces defined by Q-subgroups of type H . Then P h (Ω) is compact for the weak topology as a subset of the set of Radon measures on Ω, and the property of "support convergence" holds on it: if ν n is a convergent sequence in P h (Ω) of limit ν, then we have suppν n ⊂ suppν for n ≥ N , N being some positive integer, and the union n≥N suppν n is dense in suppν for the analytic topology.
We begin with the strategy of the proof of the equidistribution of (T, w)-special subspaces and Ssubspaces, in comparison with the pure case treated in [8] [29] and the rigid Kuga case in [6] :
(i) For lattice subspaces, it suffices to show that P (T,w) (Ω) is a closed subset of P h (Ω), namely if ν n is a sequence of canonical measures of limit ν, such that each ν n is associated to P der n from some (T, w)-special subdata (P n , Y n ), then ν is also associated to P der ν from some (T, w)-special subdatum (P ν , Y ν ). In fact: (i-1) in the pure case, the Q-group Q generated by the union of semi-simple Q-groups n>>0 P der n is a semi-simple Q-group of type H , and is centralized by T the common connected center of the P n , and TQ is the Q-group of some T-special subdatum; (i-2) in the Kuga case treated in [6] , the Q-group Q generated by the union n>>0 P der n is of the form V ′ ⋊ H ′ with V ′ unipotent and H ′ semi-simple of type H , however there might be infinitely many subdata (P ′ , Y ′ ) such that P ′der = Q, because for any v ∈ V(Q) fixed by G ′der and P ′ = V ′ ⋊ (vG ′ v −1 ) we have P ′der = V ′ ⋊ G ′der , cf. [6] 2.19 and 3.6; to exclude this situation we have restricted to the ρ-rigid case in [6] , and results like [6] 3.5 and 4.5 show that the canonical measures associated to ρ-rigid subdata form a closed subset of P h (Ω); (i-3) in the general case under the (T, w)-special assumption, the situation is similar to the pure case (i-1), and we will construct a (T, w)-special subdatum out of the Q-group generated by the union n>>0 P der n ; thanks to the specification of the unipotent element w, we do not need any ρ-rigidity to ensure that the new datum is well defined.
(ii) For S-spaces, we follow a similar reduction following the pure case in [8] , namely there exists a compact subset C of Y + such that any (T, w)-special S-subspace in M can be defined by some subdatum (P ′ , Y ′ ; Y ′+ ) satisfying Y ′+ ∩ C = ∅, and then we may repeat the remaining arguments in [8] .
The following lemma will be useful both in the pure case and in the mixed case.
Lemma 4.2 (maximal (T, w)-special subdata).
For (P, Y ) = W ⋊ (G, X) a mixed Shimura datum. If (T, w) a pair as in 3.6 , then the set of maximal (T, w)-special subdata of (P, Y ) is finite.
is a maximal (T, w)-special subdatum of (P, Y ) using w ∈ W(Q). Hence we are reduced to the pure case.
is a T-special subdatum, then G 1 is contained in the neutral component Z • of the centralizer Z G T, and Z • admits a decomposition into an almost direct product: Z • = CH ′ H ′′ with C a Q-torus, H ′ a semi-simple Q-group without compact Q-factors, and H ′′ a semi-simple Qgroup without non-compact Q-factors. We put G ′ = CH ′ , then the constructions in [29] 3.6 gives us a maximal T-special subdatum (G ′ , G ′ (R)x) with x ∈ X 1 arbitrary, cf. 2.10. Note that the Q-group G ′ is determined by T and is independent of (G 1 , X 1 ), thus maximal T-special subdata are associated to G ′ . Hence by [29] 3.7 there are only finitely many maximal T-special subdata. We start with the case of lattice subspaces with (P, Y ) = (G, X) pure. In [8] G was assumed to be of adjoint type, and in [29] the case of T-special subdata of (G, X) with G of adjoint type was considered. Here we adapt some of their arguments for general reductive G.
Proof for lattice subspaces in the pure case. We have Ω = Ω G = Γ † G \G der (R) + , hence P T (Ω) is a subset of P h (Ω) (as there is no unipotent vector w in this case). We proceed to show that P T (Ω) is closed in P h (Ω) for the weak topology. By the proof of 4.2 all the maximal T-subdata of (G, X) are associated to a common reductive Q-subgroup G T of G, and the lattice subspace of T-special subdata are actually lattice subspaces of
which is a proper submanifold of Ω ν , contradicting the density of n Ω n in Ω ν . Hence H = G ′ .
Now we pass to the general mixed case:
proof of 4.3 for lattice subspaces. For any mixed Shimura subdatum (P ′ , Y ′ ) = W ′ ⋊ (G ′ , X ′ ) of (P, Y ), the equality P ′der = W ′ ⋊ G ′der by 2.4(4) shows that P ′der is of type H . Hence for Ω = Γ † \P der (R) + , P (T,w) (Ω) is a subset of P h (Ω), and we need to show that P (T,w) (Ω) is closed in P h (Ω) for the weak topology, just as the pure case above.
We thus take a convergent sequence ν n in P h (Ω) of limit ν, such that ν n ∈ P (T,w) (Ω), is associated to some (T, w)-special subdatum (P n , Y n ) = W n ⋊ (wG n w −1 , wX n ), and the support of ν n is the (T, w)-special lattice subspace Ω n = ℘ Γ (P der n (R) + ), with P der n = W n ⋊ wG der n w −1 . The limit ν is associated to some Q-subgroup P ′ of type H , with suppν = Ω ν = ℘ Γ (P ′ (R) + ). We assume for simplicity that Ω n ⊂ Ω ν for all n, hence n Ω n is dense in Ω ν for the analytic topology.
Let Γ G be the image of Γ in G(R) + , which is a congruence subgroup of G(R) + , and we write
G \G der (R) + for the projection deduced from π = π W : P → G the quotient modulo W. Then by 3.5, π * ν n is the canonical measure associated to π(P der n ) = G der n . We clearly have the convergence lim n→∞ π * ν n = π * ν, hence by the result in the pure case, π * ν is T-special, i.e. it is associated to some T-special subdatum (G ν , X ν ). G ν is generated by n G n , and the connected semi-simple Q-subgroup G ′ = G der ν is generated by n G der n . On the other hand, it is direct from the construction that the image π(P ′ ) of P ′ modulo W in G der is a Q-subgroup of type H , and ℘ Γ G (π(P ′ )(R) + ) equals the support of π * ν. Hence π(P ′ ) = G ′ = G der ν . It is also clear that the unipotent Q-subgroup W ′ := W ∩ P ′ is the unipotent radical of P ′ because P ′ /W ′ = G ′ , and we write V ′ for the image of W ′ in V = W/U, which makes W ′ the central extension of V ′ by U ′ := U ∩ W ′ under the restriction of ψ : V × V → U. Just as the pure case, we have inclusions of smooth submanifolds Ω n ⊂ Ω ν , which gives P der n ⊂ P ′ for all n. We want to show that P ′ is generated by n P der n . Let W ′′ be the unipotent Q-subgroup of W generated by n W n . Then reduction modulo U shows that V ′′ := W ′′ /U ′′ is generated by n V n with V n = W n /U n , and similarly U ′′ := U ∩ W ′′ is generated by n U n = n W n ∩ U. The Q-groups V n , U n , and W n are stable under wG der n w −1 and wTw −1 , hence W ′′ is stabilized by wG ′ w −1 , by wTw −1 , and by wG ν w −1 . Thus W ′′ ⋊ wG ′ w −1 is already a Q-subgroup of type H containing n P der n . This forces the equality P ′ = W ′′ ⋊ wG ′ w −1 due to the density of n Ω n in Ω ν . In particular W ′ = W ′′ is a central extension of V ′ = V ′′ by U ′ = U ′′ , stable under the actions of wG ′ w −1 , of wTw −1 , and thus of wG ν w −1 .
We thus put P ν := P ′ wTw −1 = W ′ ⋊ wG ν w −1 . It contains P n for all n, and it is clear that (P ν , U ′ , P ν (R)U ′ (C)y n ) is a (T, w)-special subdatum by 2.10. The equality P der ν = W ′ ⋊ wG ′ w −1 shows that ν is (T, w)-special.
proof of 4.3 for S-subspaces.
The idea is similar to the pure case in [8] and the Kuga case treated in [6] (Section 5), and we merely sketch the main arguments.
• There exists a compact subset
with real part Y ′+ meeting K(T, w) non-trivially. In the pure case such a compact subset K(T) ⊂ X + is given in [8] 4.5; in the mixed case it suffices to take a compact subset C of W(R) containing w and a fundamental domain for the action of Γ W on W(R), and then K((T, w)) := (C · X + ) ∩ π −1 (K(T)), the proof for which is the same as [6] 5.4.
• The set P (T,w) (M ) is compact for the weak topology: if µ n is a sequence of (T, w)-special canonical measures on M defined by (P n , Y n ; Y + n ), given as µ n = κ yn * ν n for y n ∈ K(T, w) and ν n the canonical measure associated to Ω n = Γ † n \P der n (R) + , then up to restriction to subsequences, we may assume that y n converges to some y ∈ K(T, w) and (ν n ) converges to some ν associated to a (T, w)-special subdatum (P ′ , Y ; Y ′+ ) with y ∈ Y ′+ ∩ K(T, w). Thus µ n converges to µ = κ y * ν. The property of support convergence holds similarly.
Corollary 4.5 (bounded equidistribution).
(1) For B a finite bounding set, S ∈ {Ω, M }, we have P B (S ) = (T,w)∈B P (T,w) (S ). In particular, P B (S ) is compact for the weak topology, in which holds the support convergence.
(2) For S = Ω (resp. S = M ), the closure of a sequence of special lattice subspaces (resp. of special S-subspaces) bounded by B for the analytic topology is a finite union of special lattice subspaces (resp. of special S-subspaces) bounded by B.
Proof. (1) This is clear because P B (S ) is a finite union of compact subsets of the set of Radon measures on S . The property of support convergence holds because if a sequence (µ n ) converges to µ, then it contains a subsequence that converges into P (T,w) (S ) for some (T, w) ∈ B. Hence the ν ∈ P (T,w) (S ). All the convergent subsequence of (µ n ) are of the same limit, so it is not possible to have an infinite subsequence lying outside P (T,w) (S ). Hence the sequence itself is in P (T,w) (S ).
(2) This is clear using the convergence of measures and the property of support convergence. Proof. This is clear because analytic closure is finer than Zariski closure, and S-subspaces are Zariski dense in the corresponding special subvarieties.
Remark 4.7 (compact tori vs. algebraic tori). When
is a torus group scheme over S, whose fibers are complex tori isomorphic to
being the dimension of U. Thus the S-space M = Γ\Y + is a real analytic subgroup of M relative to the base S, whose fibers are compact tori isomorphic to
Using harmonic analysis on Γ U \U(R) one can prove that the analytic closure of a sequence of connected closed Lie subtori in it is still a connected closed Lie subtorus, which implies that the Zariski closure of a sequence of connected algebraic subtori in Γ U \U(C) is an algebraic subtorus, cf. [25] Section 4.1. This can be viewed as a motivation for our notion of S-spaces.
LOWER BOUND OF THE GALOIS ORBIT OF A PURE SPECIAL SUBVARIETY
The results from this section on rely heavily on [29] , especially the estimation on Galois orbits of T-special subvarieties in pure Shimura varieties. Hence we assume that all the mixed Shimura (sub)data we encounter are irreducible in the sense of 2.1(3). This actually forces the pure part to be irreducible, due to the following lemma,
In [29] Lemma 2.1, a special subvariety S ′ of a pure Shimura variety M K (G, X) is realized as the image of a connected component of some morphism
All the estimations concerning the T-special subvarieties requires T to be the connected center of the generic Mumford-Tate Q-group G ′ . The mixed case is similar: by 2.20 and the discussion in 2.24, it suffices to treat special subvarieties in M + = Γ\Y + , where Y + comes from some irreducible mixed Shimura datum (P, Y ) and Γ = P(Q) + ∩ K for any fixed compact open subgroup K ⊂ P(Q); in M + special subvarieties are obtained, using the discussion in 2.18(1), as the image of Y ′+ × K with Y ′+ ⊂ Y + coming from some subdatum (P ′ , Y ′ ), and we may assume that P ′ = MT(Y ′+ ) because this does not change Y ′+ .
We start with some preliminaries on the reciprocity map describing the Galois action on the set of connected components of pure Shimura varieties.
Definition 5.1 (connected components). Let G be a connected reductive Q-group. We write π • (G) for the set π 0 (G(A)/G(Q) − ρ(H(Q))) where G(Q) − stands for the closure of G(Q) in G(A), and ρ : H → G der is the simply-connected covering of
Since G(Q) is totally disconnected, the natural action of G(Q) on G(A) by left translation gives an action on π
From the finiteness of class numbers of linear algebraic group over global fields ([24] 8.1), we know that for each K ⊂ G(Q), the quotient π • (G)/K is a finite abelian group. Hence π • (G) = lim ← −K π • (G)/K is a pro-finite abelian group. In particular, if F is a number field, we have the Q-torus G F m = Res F/Q G mF , and class field theory gives us the reciprocity isomorphism rec F : Gal(F ab /F ) ∼ = π • (G F m ). For a pure Shimura variety S = M K (G, X), the set of its geometrically connected components is
Definition-Proposition 5.2 (reflex fields and reciprocity maps, cf. [9] , [22] , [29] ). (1) Let (P, Y ) be a mixed Shimura datum. The reflex field E(P, Y ) is the smallest subfield E of C such that Aut(C/E) fixes the P(C)-conjugacy class of µ y : G mC → P C , with µ y the restriction of y :
E(P, Y ) is a number field embedded in C. Whenever there is a morphism of mixed Shimura data
In particular, using the natural projection and the pure section of (P, Y ) = W ⋊ (G, X), we have E(P, Y ) = E(G, X).
(2) If (T, x) is a pure Shimura datum with T a Q-torus, then E = E(T, x) is the field of definition of µ x : G mC → T C , and the reciprocity map of (T, x) is the composition
with T E = Res E/Q T E and Nm E/Q induced by the norm E × → Q × . For a general pure Shimura datum (G, X) of reflex field E = E(G, X), we still have a continuous homomorphism, referred to as the reciprocity map:
and the action of Gal(Q/E) on π 0 (M K (G, X)) is through translation by the homomorphism
Each connected component of M K (G, X) is defined over a finite abelian extension of E. The reciprocity maps are functorial with respect to morphisms between Shimura data and between Shimura varieties. Assumption 5.3. In our study of special subvarieties, we will be mainly concerned with the following situation: M = M K (P, Y ) is a mixed Shimura variety defined by (P, Y ) = W ⋊ (G, X) at some level K = K W ⋊ K G of fine product type. We fix Y + = U(C)W(R)X + a connected component of Y lying over a connected component X + in X, and we have a fixed connected mixed Shimura variety M + = Γ\Y + , with Γ = P(Q) + ∩ K.
We study special subvarieties in M + that are of the form ℘ Γ (Y ′+ ), coming from connected subdatum (P ′ , Y ′ ; Y ′+ ) of (P, Y ; Y + ). Similar to the case of Kuga varieties, cf. [6] 2.12 and 2.13, all special subvarieties are obtained this way, as long as one passes to different connected components of M using Hecke translates, cf. 2.14. In particular, the special subvariety
The fine product condition on K shows that the natural projection M K (P, Y ) → S := M K G (G, X) has a section given by (G, X) ֒→ (P, Y ), so S is identified as a closed subscheme of M . Similarly, M + is fibred over S + = Γ G \X + with Γ G = G(Q) + ∩ K G and S + is a closed subscheme of M + by the pure section.
We write E for the reflex field of (P, Y ), and we study the Galois orbits of the form Gal(Q/E) · S ′ for S ′ a special subvariety in S + , as well as its mixed analogue. Note that the orbit may exceed S + . We can nevertheless restrict to orbits under Gal(Q/E + ) with E + the field of definition of S + corresponding to the kernel of Gal(
Finally, when we mention irreducible mixed Shimura (sub)data (P, Y ), we require that for some connected component Y + of Y we have P = MT(Y + ).
The original estimation in [29] 2.19 requires G to be of adjoint type. We prefer the following version for general reductive G: Theorem 5.4 (lower bound involving splitting fields). Let S = M K (G, X) be a pure Shimura variety with reflex field E at some level K ⊂ G(Q) of fine product type. Write L = L K for the automorphic line bundle on S, namely the ample line bundle of top degree automorphic forms on S, such that a fixed positive power of L defines the Baily-Borel compactification of S. We also fix an integer N > 0.
Let T be a non-trivial Q-torus in G, with splitting field F T , arising as the connected center of G ′ for some irreducible pure subdatum (G ′ , X ′ ) of (G, X). Assume that the GRH holds for F T . Then the following inequality holds for any T-special subvariety
T,p for all but finitely many p;
The proof makes use of a few useful uniform bounds , among which we single out the following (cf. (2) If (G ′ , X ′ ) is a pure subdatum of (G, X), then the degree of the reflex field E ′ = E(G ′ , X ′ ) is uniformly bounded in terms of d G . In fact we can find a Q-torus H in G whose splitting field contains E(G ′ , X ′ ).
Of course by being uniformly bounded in terms of d G we mean being less than some positive constant that only depends on d G .
Sketch of the proof of 5.4.
We adapt the strategy in [29] Subsection 2.2 (from Definition 2.10 to Theorem 2.19) into two steps:
Step 1. For (G ′ , X ′ ) a general pure Shimura datum and S ′ a connected component of
with reflex field E ′ = E(G ′ , X ′ ), L K ′ the automorphic line bundle, T the connected center of G ′ , and F T the splitting field of T, we have
under the GRH for F T , where D N (T) is the N -th power of the logarithm of the absolute discriminant of F T , ∆(T, K ′ ) and I(T, K ′ p ) are defined in the same way as in the statement of 5.4
involves some absolute constant b ′ that only depends on the dimension d G ′ of G ′ and some fixed faithful representation ρ ′ : G ′ ֒→ GL Λ,Q with Λ some free Z-module of finite rank, and the constant c ′ N only depends on d G ′ , ρ ′ and N .
Note that when G is of adjoint type this is Theorem 2.19 of [29] . The proof for general G is almost the same, and one needs to modify some estimation of absolute constants: when G is of adjoint type, the Hodge structures defined by x ∈ X on algebraic representations of G (such as Λ) are of weight zero; for general G the weight is not necessarily zero, but only one such representation Λ is involved, and only finitely many Hodge types arise when x runs through X (and is actually independent of the choice of x), hence one obtains estimations similar to [29] 2.13 and [30] 2.13.
Step 2. When we consider T-special subvarieties f (S ′ ) realized as the image of some connected component
which is adapted from [14] 5.3.10, cf. 5.6 below. We use a fixed faithful representation ρ : G ֒→ GL Λ,Q whose restriction to G ′ gives the representation ρ ′ in Step 1. Note that 
, where 
Under the GRH for F T , this latter cardinality is at least D N (T) up to some absolute constant, following the proof of [29] 2.13, and the former degree is at least I(T, K ′ ) up to some absolute constant, following [29] 2.16, 2.17, and 2.18. 
Proof. (1) Note that G ′ is a Q-subgroup of G, and it normalizes G der . Hence G ′ G der is already a Q-subgroup of G. Take an arbitrary x ∈ X ′ , we have x(S) ⊂ G ′ R . Conjugate x by an arbitrary g = th ∈ G(R) with t ∈ T G (R) and h ∈ G der (R), we have t(x) = Int(t) • x = x because t is central in G(R) and thus g(x) = h(x) = Int(h) • x has image in G ′ G der . Since X = G(R)x, by 2.10 we get a subdatum (G ′ G der , X = G ′ (R)G der (R)x), and the irreducibility of (G, X) gives G = G ′ G der . Clearly we have G ′der ⊂ G der , and
We claim that the quotient N/G ′ is compact. Since
ad is the image of G ′ in G ad := G/T G , and N ad is the normalizer of G ′ ad in G ad , equal to the reduction modulo T G of N, and thus the equality N/G ′ = N ad /G ′ ad . Since (G ′ ad , X ′ ad ) = (G ′ , X ′ )/T G is a subdatum of (G ad , X ad ) := (G, X)/T G with G ad semi-simple, the centralizer of G ′ ad in G ad is compact because it commutes with x(i) for any x ∈ X ′ ad in G ad (R). The neutral component N • ad admits an almost direct product of the form G ′ ad L ′ , with L commuting with G ′ ad , hence L is compact, from which we get the compactness of N/G ′ = N ad /G ′ ad . Since K is neat, we have N(Q)∩ K = G ′ (Q)∩ K, and repeat the arguments in [29] gives the generic injectivity of f : [14] 5.3.5. It remains to argue as in [14] 5.3.10, using the generic injectivity proved in (2) , because the original proof of 5.3.10 requires G to be of adjoint type only for the generic injectivity of f using [29] Lemma 2.2.
The reader might be left with the impression that in order to adapt the strategy in [14] and [29] for general mixed Shimura varieties one might need to assume the GRH for all the splitting fields F T for the T-special subvarieties involved. Actually we have: Proof. By 2.22, 2.23, and the discussion in 2.24, the André-Oort conjecture is already reduced to mixed Shimura varieties defined by subdata of
, where G 0 is semi-simple of adjoint type, and (L, Y L ) = N⋊(H, X H ) is a product of finitely many mixed Shimura data of Siegel type.
with H a product of finitely many GSp V j . In particular, the connected center of H is a split Q-torus.
Consider the image
, where H ad is the adjoint quotient of H. Since the kernel of H → H ad is a split Q-torus, and the image of T in G ′′ is the connected center T ′′ of G ′′ , we see that the kernel T ′ of T → T ′′ is a Q-group of multiplicative type isogeneous to a split Q-torus. In particular, take the character group X(T) = HomQ −Gr (TQ, G mQ ) we get an commutative diagram with exact rows
where the morphisms are equivariant with respect to the evident action of Gal(Q/Q). The first two vertical maps are inclusion because T and T ′′ are Q-torus, and Gal(Q/Q) acts on X(T ′ ) ⊗ Z Q because T ′ is a Q-subgroup of the split center of H. Diagram chasing shows that the actions of Gal(Q/Q) on X(T ′′ ) and on X(T) have the same kernel, which means T and T ′′ have the same splitting field, which is a CM field by [30] 2.3.
Remark 5.8 (irreducible subdata)
. Although we do not repeat all the proofs in [29] , we remark that the condition of G being of adjoint type could be relaxed into requiring (G, X) to be irreducible for the first half of Section 1 of [29] , using our lemma 5.6. In [29] 2.13, one needs G to be of adjoint type so that the splitting fields of the connected centers of irreducible T-special subdata are CM fields (for T non-trivial). We cannot achieve this for general G unless we make use of the reduction 5.7 to modify the defining data.
In the rest of this section, only the next theorem requires the GRH for the splitting field F T for the estimation of Galois orbits of pure special subvarieties in the (T, w)-special case. The CM version will be needed in the last section, where we work under 6.1 and all the splitting fields are CM fields. 
Before entering the proof, we first justify some notations in the statement: Proof. For all but finitely many p's, we have w ∈ W(Q) ∩ K W,p and wgw
When w / ∈ K W,p , write w = (u, v) for some u ∈ U(Q) and v ∈ V(Q). We have seen in 2.5 that w n = (nu, nv), hence w n ∈ K W for n a multiple of some constant integer N > 0. In particular, the subgroup K V [v] generated by v and K V in V(Q) is compact, the subgroup generated by
), u and K U is compact, and thus they generate a compact open subgroup K W [w] of W(Q) in which K W is cofinite, and its stabilizer in K G is cofinite, hence the claim on K G (w).
The proof of 5.9 is easily reduced to the following:
Proof. We notice that
From the isomorphism wGw −1 ∼ = G we get an isomorphism of pure Shimura data (wGw −1 , wX) ∼ = (G, X), and thus an isomorphism of pure Shimura varieties λ :
G as compact open subgroups in P(Q), we deduce that the Hecke translation τ w (defined in 2.14(2)), namely the isomorphism
restricts to the isomorphism λ : M (w) ∼ = S(w) above, where M (w) resp. S(w) is regarded as a pure section of M wK W w −1 ⋊K w G (P, Y ) resp. of M K W ⋊K G (w) (P, Y ) using the equality (P, Y ) = W ⋊ (wGw −1 , wX) resp. (P, Y ) = W⋊(G, X). Since the Hecke translation τ w is an isomorphism defined over the common reflex field E = E(G, X), it transports the action of Gal(Q/E) on S(w) to that on M (w), hence the claim.
Proof of 5.9.
We have the commutative diagram:
with ι(w) the inclusion of the pure special subvariety M (w) ֒→ M . Since λ is an isomorphism, the degree of a closed subvariety Z in M (w) against ι(w) * π * L S is the same as the degree of λ(Z) ⊂ S(w) against f * L S = L S(w) , with the last equality by [14] 5.3.2(1). Taking Z to be the pure special subvariety defined by (wG ′ w −1 , wX ′ ; W X ′+ ), then its image under λ is the special subvariety in S(w) defined by (G ′ , X ′ ; X ′+ ). Using 5.4 with
Remark 5.12 (unipotent Hecke translation). We have seen in the proof of 5.11 that the Hecke translation τ w (namely conjugation by w −1 cf. 2.14(2)) gives w(
sending the pure section given by (wGw −1 , wX) to the one given by (G, X).
In particular, if ψ = 0, then W is commutative, which gives us equalities wK W w −1 = K W and
If we are in the Kuga case U = 0, then we are again led to the picture of torsion sections of abelian schemes. The natural projection π : 
is an S-torus, and in this case an element u ∈ U(Q) satisfying K G = K G (u) gives a torsion section M (u) using formulas similar to the Kuga case. This also allows us to talk about the case ψ = 0 where W ∼ = U ⊕ V is a commutative unipotent Q-group, and the results are parallel.
We want to take a closer look at the term I(T, K G (w)). In [29] 3.15, the faithful representation ρ : G → GL Λ,Q leads to an inequality I(T, K p ) ≥ c · p for all prime p such that p is unramified in the splitting field of T and that
. In our case, besides the representation ρ we have further ρ U and ρ V in the definition of mixed Shimura data, and we want to show that for
, using the following definition: Definition 5.13 (torsion order). Let W be the unipotent radical of P from some mixed Shimura datum (P, Y ) = W ⋊ (G, X), which is a central extension of V by U via ψ. The order of w with respect to a compact open subgroup
, then by writing w = (u, v) for u ∈ U(Q) and v ∈ V(Q) we see that ord(w, K W ) is the least common multiple of ord(u, K U ) and ord(v, K V ), where ord(u, K U ) is the order of the class [u] in the torsion abelian group U(Q)/K U , and similarly for ord(v, K V ). The order for W(Q)/K W is thus well-defined, although the quotient is only a pointed set with an action of Z, rather than a group.
If the K U and K V above are of fine product type, then we have ord(w,
The product makes sense because w ∈ K W,p for all but finitely many p's, i.e. ord p (w, K W ) = 1 for almost every p. We also have ord p (w, K W ) = max{ord p (u, K U ), ord p (v, K V )} when we write w = (u, v). Note that the abelian groups U(Q p )/K U,p and V(Q p )/K V,p are p-torsion groups, the torsion orders ord p (u, K U ) and ord p (v, K V ) are p-powers, hence so it is with ord p (w, K W ).
Example 5.14 (torsion order in the Siegel case). We first consider the torsion order in the Siegel case, using the mixed Shimura datum defined in 2.17. We have a symplectic form ψ : V ⋊ V → U with U = G a , the extension W of V by U, and we have the pure Shimura datum (G, X) = (GSp V , H V ), as well as the mixed Shimura datum (P, Y ) = W ⋊ (G, X), the reflex field of which is Q. Taking a compact open subgroup K = K W ⋊ K G of fine product type, we have the mixed Shimura datum
Note that (GSp V , H V ) is irreducible. In fact Sp V is the minimal Q-subgroup of GSp V whose base change to R contains all x(S 1 ) for x ∈ H V and S 1 = Ker(Nm C/R : S → G m,R ), otherwise the Hermitian symmetric domain H + V could be produced from H(R) + by some smaller reductive Qsubgroup H Sp V using 2.10, contradicting the classification of simple Hermitian symmetric spaces; and for any x ∈ H V , the image of G m,R in S (corresponding to R × ⊂ C × ) along x is a central R-torus of GSp V,R , and coincides with the center of GSp V,R , hence GSp V is already the generic Mumford-Tate group of H V . Let (G ′ , X ′ ) be an irreducible pure subdatum of (G, X), with T the connected center of G ′ . Since (GSp V , H V ) is already irreducible, by 5.6(1) we see that T contains G m the center of GSp V .
The center G m of G = GSp V acts on V by central scaling, and it acts on U by the square of central scaling. Taking a 
In particular, for any w ∈ W(Q) and p ∈ ∆(T, K G (w)) we have
by automorphism t(ū) = t 2 u where t ∈ Z × p and the bar stands for the class modulo K U,p . The action preserves the order ord p (u, K U ), and it stabilizes the image of Z × p u modulo K U , which is isomorphic to Z p /p m with p m = ord p (u, K U ). Hence the cardinality of the quotient [K max Gm,p : K Gm,p ] is equal to
The case of V is similar: G m is the common center of GL V and GSp V , hence
and combining it with the case of U we get
Proposition 5.15 (torsion order in the product case). Let (P, Y ) = W⋊(G, X) be an irreducible mixed Shimura subdatum of a product datum of finitely many mixed Shimura data of Siegel type (including
, with w ∈ W(Q) non-trivial. Keeping the notations as in 5.9, we have:
, c being some constant independent of K and T; (2) there is a constant integer N > 0 such that w N ∈ K W,p for p / ∈ ∆(T, K G (w)), and N is independent of (G ′ , X ′ ), T, and K.
is irreducible by 2.11. Take any connected component X ′+ of X ′ , we have G ′′ := MT(X ′+ ) with G ′′der = G ′der , and strictly irreducible data (G ′′ , X ′′ ) with X ′′ = G ′′ (R)X ′+ and (P ′′ , Y ′′ ) = W ′ ⋊ (wG ′′ w −1 , wX ′′ ). (G ′′ , X ′′ ) being a strictly irreducible pure Shimura subdatum of (H,
we have X ′′+ = X ′+ ⊂ X + H for some connected component X + H of X H , and this gives an inclusion of strictly irreducible pure Shimura data
, where H ′ is the Qsubgroup generated by H der = Sp V j and a central split Q-torus G mm which acts on each V j by the central scaling. From 5.6(1) we get G m ⊂ T ′ with T ′ the connected center of G ′ . Since G ′ ⊂ G and
We write C for this split Q-torus so as to avoid ambiguities with other G m , like those arising as the connected centers of the GSp V j .
, and for any prime p we have
p equals the cardinality of the K max C,p -orbit resp. the K max T,p -orbit of the class of w in the quotient set
where the last inequality follows from 5.14: although w comes from W(Q) with W an extension of V by U, what matters is that K max C,p = Z × p acts on V(Q p ) by the central scaling and on U(Q p ) by the square of central scaling, and the estimation in 5.14 applies. It remains to put c = b/4 using
where we use ψ(v, tv) = tψ(v, v) = 0.
Concerning the term v − tv = (1 − t)v: for p ≥ 3, we may take t = 2 ∈ Z × p , and v − tv ∈ K V implies v ∈ K V ; for p = 2, we still have 3 ∈ Z × p , which gives 2v ∈ K V . Concerning the term u − t 2 u = (1 − t 2 )u: for p ≥ 5, the subgroup {t 2 : t ∈ Z × p } is a subgroup of index 2 in Z p , which contains 1 + pZ p as a proper subset. In particular we can find t ∈ Z × p such that 1 − t 2 is a unit in Z p , hence u ∈ K U in this case. For p ≤ 3, we can still find t ∈ Z × p such that 1 − t 2 divides 12.
Hence it suffices to take N = 12.
Corollary 5.16 (torsion order in the embedded case).
be a compact open subgroup of fine product type, which restricts to
is a strictly irreducible (T, w)-subdatum of (P, Y ) for some w ∈ W(Q), then using the notations in 5.9 we have:
, and N is independent of (G ′ , X ′ ), K, and T.
Proof. Let x = (x 0 , x 1 ) be a point in X 0 × X H from the datum (G 0 , X 0 ) × (H, X H ), and let G mR ⊂ S be the split R-torus corresponding to R × ⊂ C × . Then x 1 (G mR ) acts on V N,R via the central scaling and on U N,R via the square of the central scaling, while x 0 (G mR ) is trivial, because by 2.1(i) x 0 sends G mR into the center of G 0 which is trivial. Let C be the split Q-torus isomorphic to G m in H = GSp V 1 × · · · × GSp Vn which is the diagonal of G m × · · · × G m , as we have seen in 2.17(3) (we write C instead of G m so as to avoid ambiguities with the connected centers of GSp V j ). C is one-dimensional, and we have shown that for any given x ∈ X 0 × X H , C is the minimal Q-subtorus in G 0 × H whose base change to R contains x(G mR ), and in fact C R = x(G mR ).
When x runs through X ′ , the generic Mumford-Tate group G ′ = MT(X ′+ ) for some connected component X ′+ of X ′ necessarily contains C because G ′ R ⊃ x(G mR ) = C R . Clearly C is central in G 0 × H, hence it is central in G ′ , and we get C ⊂ T. It remains to argue as in 5.15. Note that the constants c and N are the same as in 5.15. , and the connected center T ′′ of G ′′ , which is the image of T, contains C the split central Q-torus constructed in the product case. The pre-image of C in T must contain a split Q-torus C ′ which is mapped onto C. We do have
is not evident. We have an exact sequence 1 → C ′′ → C ′ → C → 1 with C ′′ a finite Q-group of degree d (i.e. associated to a commutative Hopf Q-algebra of dimension d) and we have the exactness of (2) Some of the arguments in 5.11 and in 5.14 have appeared in [5] 4.2. GAO Ziyang has informed us of his work [12] , where he obtained similar results independently. His work concentrates on Galois orbits of special points, and directly leads to the André-Oort conjecture without repeating the arguments for special subvarieties, due to the powerful machinery of o-minimality. He has restricted to the case that the pure part of the mixed Shimura varieties in question are given by subdata of Siegel type. Using our arguments it is natural to expect similar results valid for general mixed Shimura data that are subdata in some (G 0 , X 0 ) × (L, Y L ) as in the corollary above.
SPECIAL SUBVARIETIES WITH BOUNDED TEST INVARIANTS
In this section we prove the equivalence between bounded sequences of special subvarieties and sequences with bounded test invariants, where the notion of test invariants is introduced as a substitute to the estimation of degrees of lower bounds for Galois orbits. We will also draw some conclusions under the GRH for CM fields, when the following assumption is satisfied: When this assumption holds, for any irreducible (T, w)-special subdatum (P ′ , Y ′ ) of (P, Y ), the splitting field F T of T is a CM field as we have seen in 5.7, and the André-Oort conjecture can be reduced to this case.
We first recall the following criterion for the ergodic-Galois alternative in the pure case:
Theorem 6.2 (bounded Galois orbits, cf. [29] 3.10). Let S = M K (G, X) be a pure Shimura variety, with E its reflex field, and (S n ) a sequence of special subvarieties, defined by (G n , X n ). Write T n for the connected center of G n , and D(T) n the absolute discriminant of its splitting field over Q. If there exists some constant C > 0 such that log D(T n ) · p∈∆(Tn,K) max{1, I(T n , K p )} ≤ C, ∀n ∈ N then there exists finitely many Q-tori {C 1 , · · · , C N } in G such that each S n is C i -special for some i.
In particular, assume that 6.1 is satisfied, which means, in the pure case, that (G, X) is a subdatum of a product (G 0 , X 0 ) × (H, X H ) with (H, X H ) a product of finitely many pure Shimura data of Siegel type, and assume the GRH for CM fields, if deg π * L S Gal(Q/E) · S n ≤ C, ∀n for some constant C > 0, L S being the automorphic line bundle on S, then the sequence (S n ) is bounded in the sense of 3.7.
The original statement was made assuming G being of adjoint type, and from 5.4 and 5.7 the modified form above is immediate. Note that the arguments in [29] 3.13 -3.21 do not rely on the GRH for CM fields, and the GRH is not involved for sequences of pure special subvarieties with bounded test invariants. It is used when we pass to Galois orbits of bounded degrees.
For a sequence of pure special subvarieties in a mixed Shimura variety we immediately get:
Corollary 6.3 (pure special subvarieties of bounded Galois orbits). Let M = M K (P, Y ) be a mixed Shimura variety satisfying 6.1, which is defined over the reflex field E = E(P, Y ) as in 5.3 with L S the automorphic line bundle on S, and let (M n ) be a sequence of pure special subvarieties, defined by irreducible (T n , w n )-special pure subdata (P n , Y n ) = W n ⋊ (w n G n w −1 n , w n X n ). If there exists some constant C > 0 such that log D(T n ) p∈∆(Tn,K G (wn)) max{1, I(T n , K G (w n ) p )} ≤ C, ∀n ∈ N then the sequence is B-bounded for some B in the sense of 3.7. The analytic closure of n M n is a finite union of pure special subvarieties bounded by B.
In particular, under the GRH for CM fields, a sequence of pure special subvarieties (M n ) such that deg π * L S Gal(Q/E) · M n ≤ C, ∀n for some constant C > 0 is bounded by some B, and the analytic closure of n M n is a finite union of B-bounded pure special subvarieties.
Proof. Write π : M → S = M K G (G, X) for the natural projection. Then the images S n = π(M n ) ⊂ S is a sequence of pure special subvarieties, with S n being T n -special. It is clear that ∆(T n , K G ) ⊂ ∆(T n , K G (w n )), and thus
max{1, I(T n , K G )} ≤ C which implies that the sequence (S n ) is bounded. In particular, we can choose the defining subdatum for (M n ) to be (w n G n w −1 n , w n X n ) such that the connected centers of the G n come from a fixed finite set {T α : α ∈ A} (A finite), and the absolute discriminants D(T α ) assume only finitely many values.
Therefore the sequence I(T n , K G (w n )) is also bounded by some constant C ′ , and ord p (w n , K W ) ≤ C ′ /c for p ∈ ∆(T n , K G (w n )) where c is the constant in 5. 16 . We see that
• for p ∈ ∆(T n , K G (w n )), ord p (w, K W ) ≤ C 1 , with C 1 some constant independent of w n , T n , K; in particular, the union n ∆(T n , K G (w n )) is finite; • for p / ∈ ∆(T n , K G (w n )) and p not dividing N (the constant in 5.16(2)), we have w ∈ K W,p ; • for p / ∈ ∆(T, K G (w n )) and p dividing N , we have w N n ∈ K W,p and ord p (w n , K W ) ≤ p vp(N ) (v p is the p-adic valuation such that v p (p) = 1); more precisely we have N = 12 and for p = 2 or p = 3 we have ord p (w n , K W ) ≤ 4. Hence there are only finitely many choices for the classes of w n = (u n , v n ) modulo K W and we may take w n 's from a fixed finite subset of W(Q), which means that the sequence (M n ) is bounded.
The claim on sequences whose Galois orbits are of bounded degrees is clear.
Note that the conclusion of the corollary above is very restrictive: we have started with a sequence of pure special subvarieties and ended up with finitely many pure special subvarieties. The finitely many choices of the w n 's modulo K W have forced the sequence to lie in the union of finitely many maximal pure special subvarieties of M .
In the mixed case, we propose the following substitute for the estimation of Galois orbits. is the absolute discriminant of Z x , and it is polynomially equivalent to D(T x )[K max Tx : K Tx ] with T x the Mumford-Tate group of x which is a Q-torus. The estimation is established unconditionally for CM abelian varieties of dimension at most 6, and it holds in arbitrary dimension under the GRH for CM fields. In our discussion we had preferred a uniform treatment for all Shimura varieties, including pure Shimura varieties that do not admit finite coverings embedded in Siegel modular varieties. Hence we have followed the formulation and the strategy in [29] .
